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Abstract

Correlation based matching techniques have a long tradition in pattern recognition. It is well known that for the
translation group the Fourier Transformation is well suited to compute correlation for all possible relative poses of
two objects. For the 3D-rotation group Spherical Harmonics play a similar role. Those techniques have in common
that the corresponding transformation has to be computed three times to match the objects, i.e. transform the
object into the harmonic domain, multiply the transformations, and transform the result back into the original
domain. Only the first transformation can be precomputed, the second has to be done ’online’. In this paper we
propose a generic method, which circumvents the second transformation. We present preliminary experimental
results for the 3D-rotation group, which prove our theoretical results.
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1 Introduction Our technique has a slight similarity to a method

Fast correlation based registration techniques play an
important role in many fields, ranging from pattern
recognition and image processing [1, 2, 3, 4] to bio-
physics and computational biology [5]. It is well known
that the harmonic transformations (Fourier FT, Spher-
ical Harmonic SHT) play an important role in this sub-
ject. While all methods, which are based on harmonic
transformations, need to compute the inverse to ex-
tract the relative pose parameters, we want to propose
a method which avoids this computational expensive
inverse. Roughly the technique can be described as
follows: We compute linear combinations of group rep-
resentations, where the representations are weighted
by the similarity of the objects in the corresponding
pose. The projection of this linear combination down
to the manifold of group representations is the esti-
mate for the unkown transformation. If the similarities
(or kernels) can be factorized, one is able to precom-
pute the group integration individually for each object
and the matching procedure reduces to plugging this
precomputed pose-features together. In other words:
we compute an intermediate compact representation
of the objects, named pose-feature, which has a certain
transformation behavior with respect to the considered
group and the matching is done by computing a special
inner-product of those features. The computation of
such features can be efficently done in the harmonic
domain of the considered group.

proposed by Gavrila and Davis [1] named phase coded
filtering. But their ideas deal only with linear similari-
ties , which has negative consequences for the accuracy
of the method. Our ideas are also related to Procrustes
Analysis [6], which is a famous tool for the alignment
of point clouds.

This paper is devided in three parts. First we give a
general introduction to our approach and give an illus-
trative example. In Section 3 we apply the framework
to the 3D-Rotation group and perform some prelim-
inary experiments evaluating the robustness and ac-
curacy of the pose estimates. And finally we give a
conclusion and an outlook for future work.

2 The Framework

In this Section we want to propose the fundamental
idea of the new matching technique. But at first we
have to introduce some useful notation. The objects
we want to match live in a real-valued inner-product
space S, also called signalspace. The vectors in S are
denoted in boldface x, where we refer to the compo-
nents of the vector by [J-brackets. We consider locally
compact, unimodular groups G acting on x € S, where
we write gx for the group-action on x. The group acts
isometrically with respect to the inner-product of S,
ie. (gx,9y) = (x,y). Further we have to introduce
the notion of a unitarian representation of G, which



is a group homomorphism D : G — U,, where U,
is the set of n-dimensional unitary matrices. For our
purposes it is necessary that D is one-to-one, so that we
are able to recover g from D(g). The tensor-product is
denoted by ®. For example, if [x]; = z; are the vector
components of x, then [®];; = z;z; are components of
the tensor & = x ® x. For further explanation we refer
to literature about multi-linear algebra.

2.1 Theldea

We try to estimate the relative pose of two objects
x,y € S as follows: We evaluate a linear combination
of all possible group representations D(g) with g € G
, where every representation corresponds to exactly
one group transformation y — gy in signalspace S.
The weight for each group representation is given by
a function expressing the quality of the corresponding
transformation. The quality is given by the similarity
of x and gy. The similarity is typically described by
a symmetric, positive definite function K : S x S —
R, also named as kernel. Since the manifold U, of
unitarian matrices is not linear, the linear combination
is not necessarily unitarian, hence we have to project
the linear combination to the ’closest’ representation
in U, to get the pose estimate. Formally the proposed
pose estimate is the projection of

P(x,y) = /g K(x,gy) D(g) dg (1)

on the TU,-manifold. We write Ues(x,y) =
Iy [P(x,y)] for the projection on U,, where
the projection minimizes the Frobenius-Norm
[|P(x,¥) — Uest(x,y)|| (for further explanation see [7]).
Using the theory of positive definite kernels one is able
to factorize the kernel as K(x,y) = (®(x),®(y))u,
where ®(x) and ®(y) live in high dimensional feature
space H. This property enables us to precompute
the computational expensive integration and obtain
P(x,y) as a simple inner-product in a new induced
feature space D, which is the tensor-product space of
H with the representation space U,. Assuming some
conditions the factorization looks as follows

P(x,y)

1
- m(/ @(gx)®D(g),/g<I>(gy)®D(g)>D
=(¥(x), ¥(y))p (2)

where we introduced the so-called pose-features

®(gx) ® D(g) dg (3)

and a new U,-valued inner-product in H ® U,, = D.
The expression u(G) denotes the *volume’ of the group
G with respect to the group measure p. For a detailed
derivation of this result and further explanations see
[7]. Let us examine some properties of ¥(x) and of
the inner-product given above. At first it transforms to
actions on x as follows ¥(gx) = ¥(x)-D(g)! and hence
the estimate P(x,y) has the following transformation
behavior

P(gx,4'y) = D(g) - P(x,y) - D(¢")1,

where g,¢' € G may be arbitarily chosen. This is a
necessary condition for a pose estimate. Secondly, esti-
mating the relative pose of two identical objects in the
same pose should lead to the ’identity’ result. Stating
this formally: Ues(x,x) = Iy [P(x,%)] = I,,. It is easy
to show that P(x,x) is hermitian, from which follows
that the projection is the identity (for a derivation see
[7]). Using this result and the transformation rule from
above one also gets that Ugs:(x, 9x) = D(g), which is
a necessary result.

Besides, the proposed pose estimate can also be de-
rived by minimizing an optimality criterion. The ob-
jective is to minimize the squared norm

J(9) = [12(x) — T(gy)|*,

where the norm is the Frobenius-Norm generalized to
D. One can show (see [7]) that the transformation g
corresponding to our estimate U, (X,y) actually min-
imizes J(g), i.e. our pose estimate optimally aligns the
pose features in a least square sense. Note, that this
shows a close relation of our method to the Procrustes
Analysis (PA). A PA of our pose features actually leads
to our pose estimate. But in contrast to our method
in standard PA point-correspondences between the ob-
jects have to be known. Our method provides a global
characterization of the object, such that no correspon-
dences are needed.

Finally, we have to mention an inherent problem
with our approach. If an object x shows some symme-
try, i.e. there is a g unequal to the identity such that
X = gx, then there are obviously multiple solutions
to the matching problem. In other words, if ¢’ is the
true pose relation of two objects and g is a symmetry
generating element, then also gg'g~! turns the objects
into the same pose. In our approach the pose estimate
is somehow the average of the multiple solution, which
is of course the wrong answer.

2.2 Second-Order Pose-Features

Because we want to prevent the explicit integration
of (1) ’online’; we are working in the featurespace H,



which is in most cases very high-dimensional. The
probably simplest non-linear Kernel is

K(x,y) = (x,y)*. (4)

We can identify the corresponding featurespace with
the space of second-order symmetric tensors, i.e. H =
S ® S and the featuremap is given by ®(x) = x ®
x. The usual inner-product in S ® S is defined by
the rule (x1 ® x2,y1 ® y2) = (x1,y1){x1,y1) and its
linear extensions. If two second-order tensors ® and @'
are interpreted as a matrix, this inner-product can be
written as (&', ®) = trace(®'®') and the induced norm
[|®]| = /trace(®®1) is the Frobenius-Norm.

In the following experiments we want to restrict on
the kernel given in (4), but generalizations are straight-
forward.

2.3 The Cyclic-Translation Group -
An Example

We consider the n-dimensional realspace R" as Sig-
nalspace S. A cyclic translation 7; acts on a object
x € R" by the following rule (b;,7;x) = (b;_;,x),
where b; denotes the standard basis and indices have
to be seen modulo n. In discrete Fourier space the
rule translates to {eg,7;X) = (ej,x)el " ¥ A unitary
representation of the group is simply given by D(7;) =
e Following definition (3) of the pose-features and
using the second-order kernel (4) the components in
Fourier space of the posefeatures look as follows

n—1

1 . som .
[\I’(X)]klk2 = % Z .’L’kl.’L'k261 n (k1+k:2+1)z7

=0

thereby we used % = (ey,x). For simplicity and effi-
cency reasons we compute the posefeatures directly in
the Fourier space, this is possible due to the isometry
of the Fourier transform. After performing the sum-
mation one obtains that there are only n components
unequal to zero, namely

[T&)], =V Z_;Bre1 = V0 Bkt

The inner-product in I is the usual sesquilinear one
known from complex-valued Hilbertspaces, i.e. the
pose estimate of two objects is given by

y) =3 [ [y,
k=0

The projection on U; is trival, because the representa-
tion consists only of one complex number and thus the
argument of the complex number P(x,y) is already the
estimate for the unknown group parameter.

3 3D Rotations

Now we have a closer look what happens if we calcu-
late pose-features for the 3-dimensional rotation-group
SO(3) acting on real-valued functions defined on the
sphere S2. It is well known that functions defined on S2
can be expanded in terms of spherical harmonics. For
an introduction for the theory of spherical harmonics
see for example [8]. In polar coordinates the function
x : S — R representing the signal x is written by

oo l
0)=> > a,Y.($,0), (5)

=0 m=-1

where the Y!, (¢, ) are the usual spherical harmonics in
polar representation and the coefficents are obtained by

= (Y!  x) or as a shorthand we write a' = (Y' x).
In practice, the outer infinite sum of (5) is truncated
at some finite cutoff index [,,,,. A rotation, denoted
by r, acts on the a’ by (Y!,rx) = D!(r)a!, thereby the
DY(r) € U(ai41) are the so called Wigner D-matrices,
which are all representations of the rotation group, but
only D! is one-to-one. According to the definition of
the posefeatures (3), using the second-order kernel and
D! as unitary representation we arrive at

m! =1y

I Pl
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D'(r)*

Again we compute the posefeatures directly in the Har-
monic domain of the transformation. Above we use the
complex-conjugate of D!(r) for calculational reasons:
Pulling the integral inward we have to compute third-
order products of D-Wigner matrix-components, which
can be done by the following formula (see e.g. [9])

h 12 l *
‘Dmlm’( )Dm2m” ‘qu (T) (6)
50(3)
= 8 (Ip|lama, lama){lg|lym’, lam")
2l + 1 17701, 627762 1 ) 02
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where {Ip|lymy,lamz) are the so called Clebsch-
Gordan-coefficents. The CG-coefficents fulfill several
selection rules, whether they give a contribution
or not. The most important requirement is that
l,11,l5 have to fulfill the ’triangle relation’, formally
I —h| <1y < |l +1, and secondly it must hold



my + me = p. Applying this relations to our special
case we have

(260l mal,, = )
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thereby p, g are the matrix-indices of the representation
D, and the A-index takes values in {—1,1}. Actually,
the above expression looks a little bit cumbersome and
intricate, but for a machine it is easy to evaluate, which
is most important. There are still some symmetries
and redundancies left in the above expression which
we do not mention. But we can conclude that if we
need N coefficents to describe an object by spherical
harmonics, then our pose feature is also of size O(NV).
The inner-product is given by

Pxy) = 3 [ malTO)]ma
limiA

Finally, we have to compute the projection
Uest(x,y) = Iy [P(x,y)*] and transform the unitary
representation to the more custom orthogonal, real
representation Ry (X,y) = VU (x,y)V of the
rotation group, where V' is a special unitary transform.
Besides, projecting a rotation matrix using the
Frobenius-Metric was analyzed in [10] and it was
shown that the results of such a projection is very
close to the one obtained using the Riemannian metric,
which is in some sense more optimal.

3.1 Implementation

Everything is implemented in C + + using a Linux
system with an Intel P4 2.8G, i.e. the running times
mentioned below are relative to this machine. For the
computation of the Clebsch-Gordan coefficents and the
Legendre-Polynomials for the SHT the C++ library
Matpack release 1.7.3 is used.

3.2 Experiments

The following experiment are rather artifical, they
should only show that the presented approach is
also practical and lead to reasonable results. We
consider point clouds given by a set of 3-dimensional
points P = {py, ..., p,}. For simplicity we present the
objects on a single sphere, which is done by projecting
the points onto the sphere. Before projecting the
coordinates are normalized by shifting the center of
gravity into the origin. We compute

n
1 _ 1 bi—D
“n(P) =2 Y (IIpz'—pH)’

i=1

where p = 13" | p; is the center of gravity of the
object.

For the examination we use the Cy-atoms of
mammal antibodies retrieved from the RCSB Protein
Database. The antibodies consist of round about 1000
atoms. The considered antibodies have the typical
Y-shaped form.

For the first set of experiments we apply different
noise models and a random rotation R on the indi-
vidual objects and then match each object with the
undistorted and unrotated version of itself. We use
two performance measures. First, we measure the devi-
ation of the estimated pose R.s; to the former applied
rotation R. The error is given by Er = 100 * ||R —
Rest||/V/6, where || -|| is the Frobenius-norm and /6 is
the upper-bound for the normed difference. Secondly,
we compute the deviation of corresponding points in
terms of the eudlidean distance, i.e. we compute F; =
V' 2oiy ||Rpi — Restpi||?. Both errors are always aver-
aged over the whole dataset.

For reference we use the well known PCA alignment
technique. The objects are aligned by rotating the
objects such that the three eigenvectors of their inertia
tensors agree in a sorted manner. One of the 8 axial
flips is chosen by selecting the one with the lowest error
E,.

We consider three types of noise: additive normal-
distributed noise on the coordinates of the points, ran-
dom point removal and affine distortions. The noise-
levels are given in coordinate units, where the objects’
extents are always about 100 coordinate units. In Table
1 and 1 the results for different noise levels and different
cutoff parameters l,,,, are shown. The gaussian noise
is simply generated by adding normal distributed vec-
tors with zero mean and given width on the coordinate
vectors. For the point-removal noise the percentage
of randomly removed points is given. For the affine
distortion we applied a matrix I3 + A to the object,
where the components of A are normal distributed with
zero mean and deviation given in the table.

Let us have a closer look at the results. The sim-
ple PCA alignment technique has always better Eg-
values. But by definition Exr measures the deviation
to the original pose and not to the optimal pose. With
respect to the Egj-measure our method outperforms
the standard PCA method for affine distortions and
point removal. For the gaussian noise they perform
nearly equal. Since PCA only incorporates second-



| lmac\ noise || 1.0 [ 4.0 ] 7.0 ] 10.0 |

10 1.1 | 5.0 | 93 | 249
20 0.6 | 3.7 | 86 | 19.3
PCA 0.1 ] 1.7 | 54 | 10.2

gaussian noise

| lmaz\ delpts || 10 [ 20 ] 30 ] 40 ]

10 39 |57]61 128
20 3.1 (41|59 96
PCA 22(133(39]| 70

point removal

[ Imaz\ noise ]| 0.001 | 0.005 | 0.01 | 0.02 ]

10 0.1 0.6 2.3 5.7

20 0.1 0.6 1.8 5.6

PCA 0.2 0.7 1.3 3.4
affine noise

Table 1: Matching error Eg

| lmag\ noise || 1.0 [ 40] 7.0 | 10.0 ]

10 1.7 | 6.5 | 11.3 | 16.9

20 1.7 | 6.7 | 11.7 | 16.8
PCA 1.6 | 6.5 | 11.7 | 16.0

gaussian noise

[ lmaz\ delpts | 10 20 30 [ 40 |
10 0.8|24]|69 101

20 0.5]20]|67 ] 90

PCA 1.2 | 35 | 86 | 114

point removal

| lmaz\ noise || 0.001 | 0.005 | 0.01 ] 0.02]

order information, meaning the inertia tensor, it is a
little more robust to uncorrelated gaussian noise. One
can also see that a higher cutoff frequency [, 4, does not
necessarily lead to better results, because the higher
frequencies are the noise containing elements.

The running times on our system for the SHT with
linaz = 20 are about 180ms per object. The computa-
tion of the posefeatures take about 100ms per object
and the computation time for the inner-product is less
than 1ms.

4 Conclusion and Future Work

We introduced a general framework for correlation
based registration based on group integration. For
3D-Rotations and cyclic Translations the method is
efficent since its time complexity is linear in the number
of describing coefficents. No correspondences has to
be known a priori like in Procrustes Analysis. We gave
preliminary experimental results and demonstrated
the effectivness of the approach for 3D-rotations. The
new approach was able to outperfom the standard
PCA approach in two of three cases. For future work
it would be interesting to compare our method to
schemes like ICP or RANSAC. Due to the generality
of our approach there are many extension, which could
improve the results, for example the use of higher-order
kernels, proper weightings of the features or extension
to volume data, instead of simple projections onto
the sphere. As our approach is applicable to every
unimodular, compact group, there are possibly other
application domains, which are interesting.
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