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2.3 The Cyclic-Translation Group -
An Example

��*�/1!$3'=+02^)*�,�(E\;*�3)d�^)02#�*�3'=+0�!$3'67Wq,E*�67WZ=+%'6L/�* " � 6$=k-_0�GLd
3'67WZ=?%]6L/1*k¨tO�� /�@_/�W�0Z/e(+,>673]=?WZ6J(E0�!$3�� �N6L/1(E=B!$3�6¡!LF)uA*�/v(
©�« " � F_@¢(+\;*�Cc!LW2W2!Jog0�3;G�,+&'W�*�­��F�L¯�� �P©�±¡² ­��F� ` �E¯?©�±19og\;*�,E*	�F��^)*�3'!7(+*�=p(E\;*N=?(E6L3'^;6L,E^kF]6L=+02=b673'^k023'^)0Z/1*�=U\'6h<L*
(+!�F�*�=+*�*�3�#8!_^;&;W�!�
wO m�3�^)0Z=E/1,E*1(+*�D;!L&',+02*�,�=+%'6$/1*k(E\;*
,+&;W2*�(+,>673'=+WZ6J(+*�=p(E!�­
���_¯�� � ©�±5² ­����_¯?©�±��������� � � O�� &;3'0�(>67,E@
,+*�%;,+*�=?*�3�(E6J(E0�!$38!7Cl(E\;*bG$,+!$&;%B0Z=S=+02#�%'W�@BG$0�<$*�3�F_@D�{��� � �t²��� ���� � ORD;!$W�W2!Jog0�3'GN^)*��'3;0�(+02!L3��Px$�"!7C�(+\;*q%�!$=+*1d
Cc*�6J(E&;,E*�=S673'^&'=?023;G¡(E\;*{=?*�/1!$3'^_dn!L,>^)*�,8[L*�,+3'*�W~������(E\;*{/1!$#�%�!L3'*�3�(E=B023
D;!L&',+02*�,g=+%'6L/�*b!LCs(E\;*5%]!�=?*�Cc*�67(+&;,E*�=SW2!�!$[�6L=SCc!$W�W2!Jop=

��K��c©��n� ����� � ² K� 
 � ` a� ��� �"!�#��� !�#� � � �$����&% ����'(� � ' a$) � ¯
(+\;*�,+*�F�@eoS*N&'=+*�^ !� � ² ­
� � ¯?©�±1O~D;!$,U=+02#�%'W�0Z/10�(A@k673'^|*1¤8d
/1*�3]/1@�,E*�6$=?!$3'=zo"*i/�!L#8%;&)(E*q(+\;*~%]!�=?*�Cc*�6J(E&;,E*�=z^)02,+*�/v(+W2@�023
(+\;*�D;!L&',+02*�,U=?%'6$/1*$9'(E\;02=b0Z=.%�!$=E=?02F;W2*N^)&'*i(+!�(+\;*�0Z=?!$#�*�(+,E@
!7Cg(+\'*eD'!L&;,E0�*�,i(E,E6L3'=ACc!$,+#jO �gC®(+*�,8%]*�,?Cc!$,+#8023;Gk(+\'*e=+&;#�d
#867(+02!L3{!$3;*~!$F)(E6L0�3]=p(E\'6J(U(+\;*�,+*�67,E*~!$3;W�@*
�/�!L#8%�!L3;*�3$(>=
&;3;*�f�&'6LW�(+!B£�*�,+!]9_3'67#8*�W2@

��K��c©��n� � ² � 
 !� ` � !�#�+' a ² � 
 !�-,� !�-�+' a
rz\;*j0�3;3'*�,+d
%;,E!)^)&'/1(�023�B}02=�(E\;*k&'=+&'67Wg=+*�=Ef�&;0�W2023;*�6L,�!$3;*
[�3'!Jog3 Cc,+!$# /1!L#8%;W2*1�_dn<J67W2&;*�^�y.0�W2F]*�,?(>=?%]6L/1*�=�9N0PO *LO (E\;*
%]!�=?*q*�=?(+02#B6J(E*U!LC�(AoS!8!LF)uA*�/v(E=z0Z=zGL02<L*�3�F_@

& �c©w¯?°��"² � ` a�� � � ��K��c©���� ,� � K���°s�n� �
rz\;*b%',+!LuA*�/v(E0�!$3B!L3%� a 0Z="(+,E0�<J6LWP9_F�*�/�6L&'=+*p(+\'*U,E*�%',+*�=?*�3$(>6Jd(+02!L3�/�!L3'=+02=?(E=t!L3;W2@�!7Cl!L3'*b/1!$#8%;W�*���3_&;#NF]*�,S6L3'^8(E\�&]=R(E\;*
67,EGL&;#8*�3�(�!LC;(+\'*S/�!L#8%;W2*1�53_&;#~F�*�, & �c©w¯+°s�s02=�67W2,E*�6L^;@.(E\;*
*�=?(+02#867(+*UCc!L,z(E\;*q&;3;[_3;!Jog3eGL,E!L&;%e%'6L,E6L#�*�(+*�,�O

3 3D Rotations7p!Jo�oS*8\'6h<L*�6j/1W2!$=+*�,UW�!_!L[kog\]6J(5\'67%'%]*�3'=q0�CSo"*B/�67WZ/1&)d
W267(+*p%�!$=+*1d
Cc*�67(+&;,E*�=RCc!L,t(+\;*UxJd�^)0�#8*�3'=?02!L3]67W',E!7(>6J(E0�!$3)d
G$,+!$&;%.0/8��x��~6$/v(E0�3;G|!L3�,E*�6LW�dn<J67W2&;*�^ Cc&;3]/v(+02!L3]=N^)*��'3;*�^�!L3�(E\;*
=?%'\;*�,E*1. _ Osmn(s0Z=loS*�W2W7[_3;!Jog3q(+\]6J(lCc&;3]/v(+02!L3]=�^)*��'3;*�^i!L32. _
/�6L3eF�*i*��_%]673'^)*�^j0�3j(E*�,E#B=g!7CR=+%;\;*�,E0Z/�67W�\'67,E#8!L3;0Z/�=�O"D'!L,
673 0�3�(E,+!)^)&'/1(+02!L3 Cc!L,q(E\;*8(+\'*�!L,E@{!LCz=+%;\;*�,+0Z/�6LWw\'67,E#8!L3;0Z/�=
=?*�*~Cc!$,b*��;67#8%;W2*e� 3h�nOim�3|%�!LWZ67,5/1!_!$,E^)023'67(+*�=p(+\;*NCc&;3'/1(+02!L3�kX4. _ �� " ,E*�%;,E*�=+*�3�(+023;GN(+\;*5=+0�G$3'67W�© 0Z=zog,+0�(?(E*�3jF_@

�s��5s¯�6$�"²87�9 � �
9�: � ` 9�;

9
:=<

9
: ��5s¯�6$�1¯ �
�L�

og\;*�,E*R(E\;* < 9: ��5s¯�6��s6L,+*R(+\;*S&'=+&'67W_=?%'\;*�,E02/�67W$\'67,E#8!L3;0Z/�=�0�3%]!$W26L,l,E*�%;,E*�=+*�3�(E67(+02!L35673]^U(+\;*S/1!_*1¤�/1*�3�(E=l6L,+*R!$F)(E6L0�3'*�^qF_@; 9 : ²�­
> 9: ¯?©�±t!L,S6L=t6N=?\'!L,+(+\'6L3'^�o"*bog,+0�(+* ;
9
² ­�> 9 ¯?©�±1O

m�3¡%;,E6$/v(E02/�*L9�(E\;*�!L&;(+*�,5023)�'3'0�(E*�=?&;# !7C5�P�$�U02=q(E,+&'3'/�67(+*�^
6J(i=+!L#8*��'3;0�(+*�/�&)(+!@?�0�3'^;*1�BA :�C+D O�� ,+!L(E67(+02!L3l9�^;*�3;!L(+*�^
F_@FE_9;6$/v(E="!L3�(+\;* ; 9 F_@{­�> 9 ¯�Eh©�±S²#� 9 �
E7� ; 9 9_(+\'*�,E*�F_@~(E\;*� 9 ��E7�8« � % _ 9 ' a$) 67,E*�(+\;*�=+!k/�6LW�W2*�^ ��02GL3;*�,~4pdn#B6J(E,+0Z/1*�=�9og\;0Z/>\86L,+*g6LW�W),E*�%;,E*�=+*�3�(>6J(+02!L3]=s!LC](E\;*g,E!7(E67(+02!L3NGL,E!L&;%l9LF;&)(
!L3;W2@	�%a802=5!$3;*1d
(+!Ld
!$3;*LOB�b/�/1!$,E^;0�3;Ge(E!j(+\;*�^;*1�'3;0�(+02!L3¡!LC
(+\;*.%]!�=?*�Cc*�6J(E&;,E*�=g��x��v9�&'=+0�3;Gi(+\;*.=+*�/�!L3'^)d
!$,E^)*�,�[L*�,E3;*�W'673'^� a 6L=z&'3;0�(>67,E@B,+*�%;,E*�=+*�3�(E67(+02!L3�oS*567,E,+02<L*U6J(

��K��c©����+G ��HI�G � H � ² 'J�K %�L )
MN HPO�Q G ��H O Q�R G � ;

9 �: O �
9 �: � : O ��E7�TSU

S MN H(O OVQ G ��HPO OWQXR G � ;
9 �: O O �

9 �: � : O O �
E7�TSU � a �
EJ� ,
�pG�67023io"*z/1!$#8%;&)(+*"(+\'*S%�!$=+*1Cc*�6J(E&;,+*�=�^)02,E*�/v(EW�@5023i(E\;*gy.6L,?d
#8!L3;0Z/"^;!L#B67023N!LC;(+\'*"(E,E6L3'=?Cc!L,E#867(+02!L3lOs�pF�!J<L*So"*z&'=+*t(E\;*
/1!$#�%'W�*���d�/1!$3JuA&;G�6J(+*8!LC��%aJ�
EJ�~Cc!$,N/�6LW2/�&;WZ6J(+02!L3]67WR,E*�6$=?!$3'=�X
�R&;W2W20�3;G�(E\;*i023$(E*�G$,E6LW�0�3_oz67,>^�oS*5\'6h<L*U(E!�/1!L#8%;&;(+*q(+\'0�,>^_d
!L,>^)*�,�%;,E!)^)&'/v(>=�!LC�4.d
��02GL3'*�,�#867(+,E0��_d�/1!$#�%�!L3'*�3�(E=�9hog\;02/>\
/�6L3�F�*i^)!L3'*UF_@B(E\;*qCc!LW2W2!Jog0�3;GNCc!L,E#~&'W26j��=+*�*q*$O G]Oz� IJ�c�

'J�K %�L ) �
9 �: � : O ��E7�V�

9 �: � : O O �
9
Y[Z �
E7� , �P¥$�

² 3]\ _
�]AX^�K ­
A`_ 8 A aba<a ¯�A _ a _ ±1­
A�c 8 A a+a W ¯bA _ a W W ±

²ed 9f9 � 9 �Yg: � : ��h Z�: O : O O ¯ �nH7�

og\;*�,E*�­
Af_ 8 A a a a ¯�A _ a _ ± 67,E* (E\;* =?! /�67W2W�*�^  "W2*�F'=E/>\)d
TU!L,>^;673;dn/�!�*�¤�/1*�3�(>=�O¢rz\;*� zTbdn/�!_*1¤�/1*�3$(>=NCc&;W��]W�WU=?*�<L*�,>67W
=?*�W�*�/v(E0�!$3 ,E&;W2*�=�9 og\'*1(+\'*�, (+\'*�@¦G$0�<$*�6 /1!L3�(E,+02F;&)(E0�!$3
!L,�3;!L(�O rz\;*�#8!$=?(�0�#8%�!L,+(E6L3$(�,E*�f�&;02,+*�#8*�3�(¢0Z=¢(+\]6J(AA¯bA a ¯�A _ \'6h<L*k(E!�Cc&;W��'W2W.(E\;*�� (+,E0Z673;G$W�*{,E*�WZ6J(E0�!$3l�29zCc!L,E#86LW�W2@8 A*:iA a 8kj A _ j 8 A1^lA a 8 9i6L3'^ =+*�/�!L3'^;W�@�0�({#~&]=A({\;!$W2^



a<a ^ a _ ² _sO{�p%;%;W2@_0�3'Gk(+\;0Z=N,+*�W267(+02!L3'=U(E!|!L&',~=?%�*�/�026LW
/�6L=+*Uo"*q\'6h<$*� � K���©��n� 9 � : ����� Y[Z ² �
3��9 ��: O � ` 9 � ;

9 �: O ;
9 ��' �Z ` : O O d a

9 � % 9 �T' � )Yg: � % Y ` : � ) h Z�: O % Z ` : O ) ¯ ��I��

(+\;*�,+*�F�@ _�¯bcg67,E*w(+\'*t#B6J(E,+0��_d
023'^)0Z/1*�=�!7C)(E\;*",E*�%',+*�=?*�3$(>6J(E0�!$3� a 6L3'^�(+\;*��~dn0�3'^;*1��(>67[L*�=z<J67W2&;*�=z023 Y :5KL¯�K7`�O��b/v(+&]67W2W�@$9(+\;*.6LF]!J<$*g*1�)%;,E*�=E=?02!L3�W2!�!$[)=R65W20�(+(+W2*.F;0�("/1&'#~F�*�,>=?!$#�*b673'^
0�3�(+,E0Z/�6J(E*L9hF;&)(�Cc!L,�6b#86$/>\;023;*t0�(�0Z=�*�6$=?@b(+!U*�<J67W2&'67(+*L9Jog\'02/>\
02=B#8!�=A(�02#8%]!$,?(>673�(�O rz\;*�,+*{6L,+*k=?(+02W�WU=?!$#�*{=+@_#8#�*�(+,E0�*�=
673'^¢,E*�^)&;3]^;673'/�0�*�=BW2*1C®(�023�(+\'*|67F�!J<L*j*1�)%;,E*�=E=+0�!$3¢og\'02/>\
o"*e^)!�3'!7(8#�*�3�(+02!L3lO�QS&)(Bo"*e/�6L3�/1!$3'/1W2&'^)*�(+\'67(�0�CboS*
3;*�*�^	� /1!_*1¤�/1*�3�(E=q(E!|^)*�=E/1,E02F]*�6L3�!LF)uA*�/v(~F_@¡=?%;\'*�,E02/�67W
\'67,E#8!L3;0Z/�=�9_(+\;*�3{!L&',p%]!�=?*qCc*�6J(E&;,+*~02=p6LW2=+!B!7CR=+0�£�*�
����|�1O
rz\;*q0�3;3'*�,+d
%;,E!)^)&'/1(S0Z=gGL02<L*�3�F_@

& �c©w¯+°s�"² �9 � : ��� ��K��c©���� U
9 � : ��� � K���°s�n� 9 � : �
�

Ds023'6LW�W2@L9 o"* \'6h<$* (E! /1!$#�%'&)(+* (E\;* %;,E!7uA*�/v(+02!L3- /2143 ��©w¯?°s�B² 5 6 � & �c©w¯+°s� , �g673'^�(+,>673'=?Cc!L,E# (E\;*�&;3'0�(>67,E@
,+*�%;,+*�=?*�3�(E6J(E0�!$3 (+! (+\;*�#8!L,E*�/�&'=A(E!L# !$,?(E\;!LG$!L3'6LWP9i,E*�6LW
,+*�%;,+*�=?*�3�(E6J(E0�!$3�� /2143 ��©w¯?°s� ² � - /2143 ��©w¯?°s���?U !7C�(E\;*
,+!L(E6J(E0�!$3~G$,+!$&;%l97og\;*�,+*�� 0Z=R65=+%]*�/10Z67W)&;3'0�(>67,E@i(+,>673]=ACc!$,+#jO
Q"*�=?0Z^)*�=�9 %;,E!7uA*�/1(+023;G 6 ,+!L(E6J(E0�!$3 #B6J(+,E0�� &'=+023;G (E\;*
D;,E!LF�*�3;02&'=?dn�k*�(+,E02/ oz6L=�673'6LW�@_£�*�^ 0�3 ��K�MJ�¡6L3'^ 0�( oS6$=
=?\;!Jog3 (E\'6J({(E\;*�,E*�=+&;W�(E=k!LCB=+&'/>\�6�%;,E!7uA*�/v(E0�!$3 0Z={<$*�,E@
/1W2!$=+*t(E!b(E\;*z!L3;*z!$F)(E6L0�3;*�^~&]=?023;GU(+\;*g�g02*�#B6L3;3;0Z673�#�*�(+,E02/L9
og\;02/>\e0Z=z0�3k=+!L#8*5=?*�3'=?*q#8!L,E*U!L%)(E0�#B67W
O

3.1 Implementation
V <L*�,+@�(E\;0�3'G�02=e02#8%;W�*�#8*�3�(+*�^�023id ^ ^ &'=+0�3;G�6 Pl023�&;�
=?@)=?(+*�#�og0�(+\�6L3������
������� �"!$#�%S9s0PO *LO�(E\;*B,+&'3;3;023;G�(E0�#8*�=
#�*�3�(+02!L3;*�^�F�*�W2!Jo 67,E*5,+*�W267(+02<L*U(+!B(E\;0Z=p#B6L/>\;023;*$OSD'!L,g(E\;*
/1!L#8%;&;(E6J(E0�!$3~!LC'(+\'*p "W2*�F]=+/>\)dATU!L,>^;6L3~/1!_*1¤�/�*�3�(E=�673]^i(E\;*Pl*�G$*�3'^;,+*�dn��!$W�@_3;!$#�0Z67WZ=NCc!L,�(+\;*�-)ybr (+\;*� �^ ^ W�02F;,>67,E@&(' �*) ',+.- ,E*�W2*�6L=+*�KLO H_O x~0Z=g&'=+*�^�O
3.2 Experiments
rz\;*�Cc!$W�W2!Jog0�3'G�*1�)%�*�,E0�#8*�3�(�67,E*�,E67(+\;*�,�6L,?(E0��]/�67W
9�(E\;*�@
=?\;!$&;WZ^ !$3;W�@ =?\;!Jo (+\'67( (+\;*§%;,E*�=+*�3�(E*�^ 67%;%;,E!$6$/>\ 0Z=
67WZ=?!�%',E6$/v(+0Z/�6LW�6L3'^§W2*�6L^§(+! ,E*�6$=?!$3'67F'W�*�,E*�=+&;W�(E=�O � *
/1!L3]=?0Z^)*�,5%�!L023�(N/1W2!L&]^;=iG$0�<$*�3¡F_@ 6k=+*1(~!LCpxJd�^)0�#8*�3'=?02!L3]67W
%]!$0�3�(E=0/ ² Y�_ a ¯ �W��� ¯
_ � `$OiD;!$,U=+02#�%'W�0Z/10�(A@jo"*�%;,E*�=+*�3�(.(E\;*!LF)uA*�/v(E="!L3e6~=+0�3'GLW2*U=+%;\;*�,+*$9$og\;0Z/>\�0Z=z^)!L3'*bF_@B%;,E!7uA*�/v(+023;G
(+\;*�%�!L023�(E=�!$3$(E! (+\;*�=+%;\;*�,+*$O QS*1Cc!$,+*�%;,E!7uA*�/v(E0�3;G (E\;*
/1!_!L,>^)023'6J(E*�=�6L,+*�3;!L,E#B67W20�£�*�^�F_@�=+\;0�C®(+023;G�(E\;*�/1*�3$(E*�,e!7C
GL,>6h<�0�(A@80�3�(E!N(E\;*5!L,E02GL023lOs� *i/1!$#8%;&)(+*

; 9 : ��/i�"² �� �W� a <
9
:21 _ � : _8^8 _ � : _ 898�3 ¯

og\;*�,E* _�² a��4 ���� a _ � 02=�(+\;*�/1*�3�(E*�,�!LC5GL,>6h<�0�(A@�!LCU(E\;*!LF)uA*�/v(�O
D;!L, (+\;* *��;67#80�3]6J(+02!L3 oS*�&'=?* (E\;* d65_d�6J(E!L#B=§!LC

#B67#8#B67Ww673�(+02F�!_^;0�*�=b,E*1(E,+02*�<$*�^jCc,E!L# (E\;*B�p z-)Q��R,E!7(E*�023
4b67(E6LF'6L=+*LO�rz\;*q673�(+02F]!)^)02*�=z/�!L3'=+02=?(z!7C�,E!L&;3]^�67F�!L&;(UK�MLMLM
6J(E!L#B=�O rz\'*�/1!$3'=+02^)*�,+*�^�673�(+02F�!_^;0�*�={\'6h<$*¡(+\;*�(A@�%'02/�67W7 d�=?\]67%�*�^�Cc!L,E#eO
D;!L,�(E\;*��],E=?(8=+*1(8!7Cb*1�)%]*�,+02#8*�3�(E=NoS*e6L%;%;W2@�^)0`?�*�,E*�3�(

3;!L0Z=+*{#8!_^;*�WZ=�6L3'^�6�,>673]^)!L# ,+!L(E67(+02!L38� !L3�(E\;*�023'^)0�d
<_02^)&]67Wp!$F)uA*�/1(E=�6L3'^¢(+\;*�3�#B6J(E/>\�*�6L/>\�!LF;uA*�/v(�og0�(+\�(E\;*
&;3'^)0Z=?(+!L,+(+*�^�673'^�&;3;,E!7(E67(+*�^�<L*�,E=+0�!$3�!7Ci0�(E=+*�W�CAO�� *�&]=?*
(Ao"!b%]*�,?Cc!$,+#B6L3'/1*R#8*�6L=+&;,+*�=�OsDs02,>=A(�9�oS*S#�*�6L=+&;,E*w(+\;*z^)*�<�0�d
6J(E0�!$3�!LC�(+\'*5*�=?(+02#867(+*�^�%�!$=+*9� /21 3t(E!N(E\;*qCc!L,E#8*�,g67%'%;W�02*�^
,+!L(E67(+02!L3:��O�rz\;*�*�,+,E!L,N02=NGL02<L*�3�F_@�;�<�²³K�MLM>= 898 � :� /V143 898 ? � ¥)9�og\;*�,+* 8^8 S 8^8 0Z=t(+\;*.D',+!$F]*�3;02&'=Adn3;!$,+# 673'^ � ¥50Z=
(+\;*�&;%;%�*�,+dnF]!$&;3'^jCc!$,p(+\'*N3;!$,+#8*�^{^)0�?�*�,+*�3'/1*$Oq-_*�/1!$3'^)W2@L9
o"*j/1!$#8%;&)(+*�(+\;*k^)*�<_0267(+02!L3�!LCb/1!$,+,E*�=+%]!$3'^)023;G{%�!L023�(E=N0�3
(+*�,+#B=S!7Cl(E\;*q*�&'^;W�0Z^)*�6L3�^)0Z=?(E673]/1*L9_0
O *$O�o"*5/1!$#8%;&)(+*@;�AU²L 4 ���� a 8^8 � _��b:B� /2143 _ � 8^8 _ OwQ"!L(+\j*�,E,E!L,>="6L,+*q67W2oS6h@)=z6h<L*�,?d67G$*�^�!J<$*�,S(+\'*5og\;!LW2*5^;6J(>6L=+*1(�O
D;!L,t,+*�Cc*�,E*�3'/�*go"*g&'=+*g(E\;*poS*�W2W;[_3;!Jog3B�S S��67W202GL3;#8*�3�(

(+*�/>\;3;0Zf$&'*LO rz\;*¡!LF;uA*�/v(>=k67,E*�67W20�G$3;*�^ F_@�,+!L(E67(+023;G�(E\;*
!LF)uA*�/v(>=R=?&]/>\8(+\'67(R(+\;*p(+\;,E*�*g*�0�G$*�3_<L*�/v(+!$,E=�!LC�(+\;*�0�,R023;*�,?(E026
(+*�3'=?!$,E=56LGL,E*�*�0�3�6j=+!L,+(+*�^�#B6L3;3;*�,�Oe�b3;*8!LC"(E\;* 3k6J�)0Z67WC'02%'=�02=w/>\;!�=?*�3iF_@~=+*�W2*�/v(E0�3'Gp(+\'*S!$3;*Sog0�(E\~(E\;*zW�!JoS*�=?(�*�,+,E!L,; A O
��*�/�!L3'=+02^;*�,U(+\;,E*�*�(A@_%�*�=q!7CS3;!L0Z=+*LX56L^;^;0�(E0�<$*N3;!$,+#B6LW�d

^)0Z=A(E,+02F;&)(E*�^B3;!$02=+*p!$3B(+\;*U/1!_!L,>^)023'6J(E*�=w!LC�(+\;*U%�!L023$(>=�9�,>673)d
^)!L# %]!$0�3�(~,E*�#8!J<J67WR6L3'^¡6J¤B3;*�^;02=?(+!$,?(E0�!$3'=�O�rz\;*�3;!$02=+*1d
W�*�<L*�W2=z67,E*UGL02<L*�3�0�3k/1!_!$,E^)023'67(+*.&'3;0�(>=�9)og\'*�,E*.(E\;*q!LF)uA*�/v(E=��
*1�_(+*�3�(E=l6L,+*R6LW�oz6h@)=�67F�!L&)(tK�MLMz/1!_!$,E^)023'67(+*w&;3;0�(E=�O�m�3ir�67F'W�*
Kt673]^8Kw(+\;*t,+*�=?&;W�(E=lCc!L,�^)0`?�*�,E*�3�(�3'!L0Z=?*wW2*�<$*�WZ=�673]^5^)0`?�*�,E*�3�(
/1&)(E!]? %'67,>67#8*1(E*�,>=�A :�C+D 67,E*i=?\'!Jog3lO"rz\;*~G$67&]=+=+026L3�3'!L0Z=?*02=.=?02#8%;W�@�GL*�3;*�,>6J(E*�^�F�@e6L^;^;0�3;GB3'!L,E#86LWl^)0Z=A(E,+02F;&)(E*�^j<L*�/vd
(+!$,E=�og0�(+\�£�*�,E!q#�*�673B673]^8GL02<L*�38og0Z^_(+\B!$3�(+\;*./�!_!L,>^)0�3]6J(+*
<L*�/v(+!$,E=�O�D;!$,�(E\;*�%�!L023�(?dn,+*�#8!J<h6LWp3;!$02=+*k(+\'*|%�*�,>/1*�3�(>67GL*
!7Cq,E6L3'^)!$#�W2@�,E*�#8!J<L*�^�%�!L023�(E=B0Z=BGL02<L*�3lO�D'!L,8(+\'*|6J¤B3;*
^)0Z=A(E!L,+(+02!L3�oS*e6L%;%;W20�*�^�6�#B6J(+,E0��G[ L ^ED}(+!�(+\;*j!$F)uA*�/1(�9
og\;*�,E*w(E\;*"/�!L#8%]!$3;*�3�(>=l!7C�D¢67,E*R3;!$,+#B6LWL^)0Z=A(E,+02F;&)(E*�^5og0�(+\
£�*�,+!�#8*�673j673]^e^;*�<_0267(+02!L3�GL02<L*�3e023�(E\;*U(E6LF;W�*$OPl*1(�&'=i\]6h<L*�6{/�W�!�=?*�,5W�!_!L[¡6J(~(+\;*�,E*�=+&;W�(E=�Okrz\;*�=+0�#�d
%;W2*j�z S� 67W20�G$3;#8*�3�(N(E*�/>\;3'02f�&;*j\'6$=B67W2oS6h@)=NF]*�(?(+*�,F; < d
<J67W2&;*�=�O|QS&)(NF_@¡^)*1�]3;0�(E0�!$3 ; < #8*�6$=?&;,E*�=i(+\;*e^)*�<_0Z6J(E0�!$3
(+!5(E\;*U!L,E0�G$0�3'6LW;%�!$=+*.673'^�3;!7(R(E!i(E\;*.!$%)(+02#B67W�%]!�=?*$Os��0�(+\
,+*�=?%�*�/1({(+!�(+\;*G;�A�d
#8*�6$=?&',+*�!$&;,{#8*1(E\;!)^�!L&)(E%]*�,?Cc!$,+#B=
(+\;*�=A(>673'^;6L,E^¢�S S� #�*�(+\;!)^¢Cc!$,�6J¤B3;*{^)0Z=?(+!L,+(+02!L3]=�673'^
%]!$0�3�(�,E*�#8!J<J67W
O�D;!$,B(+\;*�G$6L&'=+=+0Z673¢3;!L0Z=?*{(+\;*�@�%�*�,+Cc!L,E#
3;*�6L,+W2@�*�f�&'6LWPO -_023'/�*��S S� !L3;W2@�023'/�!L,E%]!$,E67(+*�=e=+*�/1!$3'^_d



A :�C+D�� 3;!$02=+* K$O M �'O M H)O M K�M'O M
K�M K$O�K �)O M I;O x �7�'O I
�7M M'O ¥ x;O H 3;O ¥ K�I;O x
�z S� M'O�K KLO H �)O � K�M;O �

G$6L&'=E=?0Z673�3;!L0Z=?*A :�C+D � ^)*�W�%)(>= K�M �LM x$M �$M
K�M x'O I �;O H ¥'O�K K��;O 3
�7M x'O�K �]O�K �;O I I;O ¥
�S S� �;O � x'O x x'O I H_O M

%]!$0�3�(g,+*�#8!J<h6LWA : C�D � 3;!L0Z=+* M;O MLM;K M;O MLM�� M'O M'K M;O M$�
K�M M'O�K M'O ¥ �;O x �;O H
�LM M'O�K M'O ¥ K$O 3 �;O ¥
�S S� M'O � M'O H K$O x x'O �

67¤B3;*53;!L0Z=+*

rs6LF;W�*8K$XR�{6J(>/>\;0�3'GN*�,+,E!L, ; <

A :�C+D � 3;!$02=+* KLO M �]O M H)O M K�M;O M
K�M KLO H ¥;O � KLKLO x K�¥;O I
�7M KLO H ¥;O H KLKLO H K�¥;O 3
�S S� KLO ¥ ¥;O � KLKLO H K�¥;O M

G$6L&'=E=?0Z673�3;!L0Z=?*A :�C+D � ^)*�W�%)(>= K�M �LM x$M �$M
K�M M'O 3 �;O � ¥'O I K�M'O�K
�7M M'O � �;O M ¥'O H I;O M
�S S� K$O � x'O � 3'O ¥ KLK$O �

%]!$0�3�(g,+*�#8!J<h6LWA :�C+D�� 3;!L0Z=?* M'O M$M;K M;O MLM$� M;O M;K M;O M$�
K�M M;O � M'O 3 �;O�K H)O x
�LM M;O2K M'O � K$O x ¥'O �
�S S� M;O x K$O H �;O I 3'O�K

67¤83'*U3'!L0Z=?*

rs6LF;W�*i�;XR�{6J(>/>\;0�3'GN*�,+,E!L,>=6;�A$O

!L,>^)*�,~0�3)Cc!$,+#B67(+02!L3l9�#8*�6L3;0�3'Gk(+\;*�0�3'*�,+(+0Z6j(+*�3'=?!$,�9�0�(N0Z=N6
W�0�(?(EW�*5#8!$,+*q,E!LF;&'=?(z(+!B&;3]/1!L,E,E*�WZ6J(+*�^�G�67&'=E=?0Z673�3;!L0Z=+*LO"�b3;*
/�6L3q6LW2=+!g=?*�*�(+\'67(s6z\;02GL\;*�,l/1&)(E!]?NCc,+*�f$&'*�3'/�@=A :�C+D ^)!_*�=l3;!7(3;*�/�*�=E=+6L,+02W2@ W2*�6$^�(E!¡F]*�(?(+*�,B,+*�=?&'W�(>=�9"F]*�/�67&]=?*�(+\;*k\'0�G$\;*�,
Cc,+*�f�&;*�3'/�0�*�=z67,E*b(E\;*53;!$02=+*U/�!L3�(E6L0�3'0�3;G8*�W�*�#�*�3�(E=�O
rz\;*5,+&'3;3;023;G8(+02#8*�=z!L3j!$&;,p=?@)=?(+*�# Cc!L,z(E\;*~-)ybr�og0�(+\A :�C+D ² �7M867,E*567F�!L&)(5K[3$M a�� %�*�,p!$F)uA*�/1(�ORrz\;*i/�!L#8%;&)(>6Jd(+02!L3 !7CS(+\;*B%�!$=+*1Cc*�6J(E&;,+*�=b(E67[$*�6LF]!$&)(�K�M$M a�� %]*�,5!LF)uA*�/v(673'^�(+\;*q/1!$#8%;&)(E67(+02!L3�(+02#�*UCc!$,t(E\;*q0�3;3'*�,+d
%;,E!)^)&'/1("0Z="W2*�=E=

(+\'6L3�K a�� O
4 Conclusion and Future Work
��* 0�3�(E,+!)^)&'/�*�^§6�G$*�3;*�,E6LWBCc,>67#8*�oS!L,E[�Cc!$,�/1!$,+,E*�WZ6J(E0�!$3
F'6L=+*�^ ,E*�G$02=?(+,>6J(E0�!$3 F]6L=+*�^ !L3 GL,E!L&;% 023$(E*�G$,E67(+02!L3lO D'!L,
xL4.dn�p!7(E67(+02!L3'=j6L3'^ /1@)/1W202/�rs,>673'=+W267(+02!L3'=�(E\;*�#8*1(+\'!_^ 0Z=
*1¤�/1*�3�(s=?023'/�*R0�(>=l(E0�#8*S/1!L#8%;W2*1�)0�(A@.0Z=�W2023;*�6L,l0�3i(+\;*"3�&'#~F�*�,
!7C5^)*�=E/1,E02F;0�3'G�/1!_*1¤�/1*�3�(E=�O 7p!�/�!L,E,+*�=?%�!L3]^)*�3'/�*�=�\'6$=8(+!
F]*.[�3'!Jog3�6q%;,+02!L,E0;W20�[$*p023��R,E!_/�,+&]=A(E*�=w�p3]67W2@_=+0Z=�O���*.G$6h<L*
%;,E*�W20�#8023'67,E@ *��_%�*�,E02#�*�3�(E67W�,+*�=?&'W�(>=�673]^ ^)*�#8!$3'=A(E,E67(+*�^
(+\;*~*�?�*�/v(E0�<_3;*�=+=p!7C�(+\;*N67%;%;,E!$6$/>\�Cc!$,.xL4.dn,+!L(E6J(E0�!$3'=�O"rz\;*
3;*�o�67%'%;,+!�6L/>\�oz6L=�6LF;W2*�(+! !L&)(E%]*�,?Cc!$# (E\;*�=A(>673'^'67,>^
�S S��67%;%;,E!$6$/>\k0�3{(Ao"!�!7CR(E\;,+*�*N/�6L=+*�=�ObD;!$,.Cc&;(+&;,E*NoS!L,E[
0�(�oS!L&'W2^ F�*�0�3�(E*�,E*�=?(+023;G (+!�/1!$#8%'67,E*�!L&;,�#8*1(E\;!)^ (+!
=+/>\'*�#8*�=5W202[L*Bm+ S� !L,N�p��7U-)�. bOs4b&;*B(E!k(+\;*�GL*�3'*�,>67W20�(A@
!7C�!L&',t67%;%',+!�6L/>\N(+\;*�,+*p6L,+*g#B673_@N*1�_(+*�3'=?02!L3�9Log\;0Z/>\�/1!$&;W2^
0�#8%;,E!J<L*R(+\;*S,+*�=?&'W�(>=�9hCc!$,s*��)6L#8%;W�*t(+\;*S&'=+*"!LC'\;02GL\;*�,?dn!L,>^)*�,
[L*�,+3;*�W2=�9)%;,E!L%�*�,poS*�02GL\�(E0�3;G�=z!7C�(+\;*iCc*�6J(E&;,E*�=g!$,g*1�_(+*�3'=?02!L3
(+! <L!$W�&'#�*�^;67(E6'9B0�3'=?(+*�6L^�!7Cj=?02#8%;W�*�%',+!LuA*�/v(E0�!$3'=�!L3�(+!
(+\;*¡=+%;\;*�,E*LO}�.=j!L&',e6L%;%;,E!$6L/>\�02=j67%'%;W�0Z/�6LF;W2*|(E!�*�<L*�,E@
&;3;02#8!_^;&;W26L,�9R/�!L#8%'6$/v(NG$,+!$&;%l9�(+\'*�,E*�67,E*�%�!$=E=+0�F;W2@ !7(+\'*�,
67%;%'W�0Z/�67(+02!L3�^;!L#B67023'=�9)og\;02/>\j67,E*q0�3�(E*�,E*�=?(+023;G'O

References
��K1�i4~O'Tq6h<_,E0�WZ6~6L3'^ PtO;4b6h<_0Z=�9��ED'6L=?(S/�!L,E,+*�W267(+02!L3B#B6J(>/>\)d

0�3'Gk0�3¡WZ67,EGL*j�c*�^;GL*��U02#B67G$*8^'6J(E6LF'6L=+*�=�9 �b023 �	��
 + � �
���
� ������
��G����� ��������������� ��
!� - ���"
 )$#%� ' ��� � ���,�&
 �
' !)( !*#,+.-/�59�K�ILIL�'O

� �h�i��OP�q!$=?(+*�W�*�/N6L3'^¡4~Ol�g!)/>[_#8!L,E*L90�ED�C®(>=q!L3�(+\;*B,E!7(>6Jd
(+02!L3�G$,+!$&;%l9 �1- ' � � '32 � � �4� � � �)5 � �6��
�� - � ���:� ' )��7�
�
- �7� � �8�v9;<$!LW
O;MLx7dEK$K1d�ML¥LM'9L4b*�/i�7M$MLx'O

� xJ�i�iO)�{6L[h6$^)0Z6i673'^ �8O�4U673'0�02W�0Z^)0Z=�9��+4b02,+*�/v(Sx$^_dn,+!L(E6J(E0�!$3
*�=?(+02#B6J(+02!L3NCc,E!L#�=+%;\;*�,+0Z/�6LW_0�#B67G$*�=�<_0Z6U6UG$*�3;*�,E6LW�02£�*�^
=?\'0�C®(k(E\;*�!$,+*�#e9 �k023 �	��
 + �.�
� � ���!�9
:�B�;� �<(>= �?��@ A��L9
<L!$WPO'�;9)%;%lO]�;KhHCB;�L�$�)9��LMLM$x;O

� �7�5��O���Oe�5O�QSWZ67\_&)(�6L3'^  bO���02W2/�!h��9D�+rs!L%'02/�=�0�3
\'67,E#8!L3;0Z/i6L3'67W2@)=?0Z=pog0�(+\|6L%;%;W202/�6J(E0�!$3'=g(E!�,>6L^;6L,.673'^
=?!$3'67,�9 � � & � =E
 �F5/G �H� � � & ' �����HG ' � � + � ' �$� � �I�
� ) ) � � +.' � � 
 �4�v9�K�I$I;K$O



� �J���'O �q!J<J6$/�= 673'^ ��O{� ,+02GLG$*�,>=�9 �+D]6L=?( ,E!7(>6J(+02!L3]67W
#867(E/>\;023;G]9 � � + � ' ( ��� � � ' � �*
 ��� ' )"� � + ' - � + � � 
 � ' 9
<L!LW
O'�]3'9_%;%lOlKh�]3$� B�Kh�]3L¥'9$�7M$M$�;O

� ¥7�5mvO'4.,E@)^)*�3k6L3'^ �8O]�{67,>^)0Z6;9 - � ' � � � � � +.' �0��� ' )�� ' � ' ���!�
� � �vO��$!L\;3e��02W�*�@�673'^k-_!$3'=�9�K�ILI43;O

� Hh�i��O �g*�0Z=+*�,+(�9 �+� 3;*�o (+*�/>\;3;0Zf$&'* Cc!$,
#867(E/>\;023;G 023 WZ67,EGL* ^'6J(E6LF'6L=+*�=�9 � (+*�/>\;3;0�d
/�67W ,E*�%�!L,+( � � � )�� �	� � G�
 ! � � �H
!�8G ' � � - ! 5 � � �
�
��� � 
75/�I�"!��,��� )��

 ) � �
�$��� � � �7� ���,)$5�
H��� )4
 � �.�8� �&A��,! )4�:�>9
�pW2F]*�,?(+d4P�&'^)og02G$=?dn:.3;0�<$*�,>=?0�(��67(�97D',+*�0�F;&',+G]97m�3'=?(+0�(+&)(RC��&',
m�3)Cc!L,E#B6J(+02[�9'�7M$M$�)O

� 37�iyiOgTU,+!_*�#8*�,�9 � ) ) � � +.' � � 
 �"� 
:� 2 
�5/� � �H��- �H� � �H� ' � �
- )"���H� � +.' ��� ' �8G 
 � � + �vO 7.*�o 7 !L,E[�X  S6L#~F;,E0Z^)GL*
:p3;02<L*�,E=+0�(A@��t,+*�=+=�9�K�I$IL¥;O

� I7�i��O)��!$,+#8*�,�9/�+�.3;GL&'W26L,S#8!$#�*�3�(+&;# (+\;*�!L,E@L9 ����� + �)5/���
� 
 �
�H� � + � ��� �H�
� � ���>
�� � � � G � �"��� �E
 �7� �$
 
 ��� ��� � #"!�� �#�
$�'%� � � G � �"���4#&� � � � � �����H� � ' �$�!�>O

��K�MJ�~ bOwTU,>67#8[$!Jo59.�v�b3�6h<L*�,E6LGL023;Gj,+!L(E6J(E0�!$3'=�9 ��� ���
�7� � ' �� � 
 � ' �('/
!5/� � ' � 
:�1(�
�G ) 5 � �7�9= � � � 
 �'9�<L!$WPO��_�;�AK*)7�$�v9
%;%lO�H B�K�¥'9;�7MLM'KLO


