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Abstract

Support Vector Machines (SVM) have been developed by Vapnik and are gaining popularity because of their
attractive features and promising performance in function regression and pattern classification. Recently,
SVM with the scalar wavelet kernel has been developed and it has exhibited better performance in function
regression and pattern recognition. In this paper, SVM with multiwavelet kernels is studied and applied
to signal regression and pattern recognition. The motivation to use multiwavelets is because multiwavelets
have better properties than scalar wavelets. Experiments show that this method is better than the existing

SVM for function regression and pattern recognition.
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1 Introduction

Since the introduction of SVM by Vapnik, it has
been found to be very successful in many applica-
tions such as function regression and pattern recog-
nition ([1] - [5]). The interesting property of SVM
is that it is an approximate implementation to the
structure risk minimization principal in statistical
learning theory, rather than the empirical risk mini-
mization method. An SVM uses a kernel to map the
input data to a higher dimensional feature space so
that the problem becomes linearly separable. The
effectiveness of an SVM depends heavily on the ker-
nel chosen. The most popular kernels include the
Gaussian kernel, the polynomial kernel, the radial
basis function kernel, the spline kernel, etc. Recently
the scalar wavelet kernel was introduced by Zhang
et al. [5] and it was found that it outperforms the
Gaussian kernel for function regression and pattern
recognition. Multiwavelets have many good proper-
ties that the scalar wavelets do not have, and they
outperform scalar wavelets in signal denoising ([6]
- [9]) and pattern recognition [10]. In this paper,
we propose to use the autocorrelation of the multi-
wavelet functions to develop SVM kernels. Exper-
imental results show that our multiwavelet kernels
outperform other kernels for function regression and
pattern recognition.

The organization of this paper is as follows. Section
2 proposes the multiwavelet SVM. Section 3 applies
the multiwavelet SVM to function regression and

pattern recognition. And finally section 4 gives the
conclusions and future work to be done.

2 Multiwavelet SVM

Multiwavelets are generalization of scalar wavelets.
Multiwavelet basis uses translations and dilations
of M > 2 scaling functions {¢g(x)}1<kr<amr and M
mother wavelet functions {¢x(z)}1<r<nm. If we write
o(z) = (¢1(2), ¢2(2), ..., du(2))" and ¥(z) =
(1 (), P2(z), ..., Yam(z))T, then we have
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where {Hk}OSkSLfl and {Gk}0§k§L71 are M x M
filter matrices. As an example, for M = 2, L = 4, we
give the most commonly used GHM multiwavelets
developed by Geronimo, Hardin and Massopust [11].
Let
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then the two functions ¢1(z) and ¢2(z) can
be generated via (1). Similarly, the two mother
multiwavelet functions ¢;(x) and 12(x) can be
constructed by (2). Multiwavelets have some

advantages in comparison to scalar wavelets.
For example, such features as short support,
orthogonality, symmetry, and higher order of

vanishing moments, are known to be important
in signal processing. A scalar wavelet cannot
possess all these properties at the same time, but
multiwavelets can.

Smola et al. proved that a translation invariant
kernel K (x,x') = K (x—x') is an admissible support
vector (SV) kernel if and only if its Fourier transform
is non-negative [12]. This is satisfied by the scalar
wavelet kernel [5]:
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where N is the dimension of the input feature
vector. It is claimed in [5] that SVM with the scalar
wavelet kernel outperforms the Gaussian kernel
in function regression and pattern recognition.
Recently multiwavelets have been found to have
many advantages over scalar wavelets in signal
denoising ([6] - [9]) and pattern recognition [10].
Therefore, we would like to investigate multiwavelet
kernels for SVM. Since the two GHM multiwavelet
functions ¢ (z) and 2(x) are not admissible SV
kernels, the autocorrelation, COR(y), of the two
multiwavelet functions are used to construct two
SVM multiwavelet kernels:

K (x,x') = EOOR(W = i))+i1;[1 COR(o( T
and

i=1

where N is the dimension of the input feature vector
and COR(Y) = [727 ¢y (v)r (t + v)dw is the auto-
correlation of the multiwavelet function ¥ (.),k =
1,2. Fig. 1 shows two GHM multiwavelet functions,
their autocorrelations, and two SVM multiwavelet

kernels. Our experiments show that these two multi-
wavelet kernels outperform the scalar wavelet kernel
and the Gaussian kernel for signal regression. The
following theorem states that these two multiwavelet
kernels are admissible SV kernels.
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Figure 1: The two GHM multiwavelet functions,

their autocorrelation and the two multiwavelet ker-
nels.

Theorem: The multiwavelet kernels K;(x,x') and
Ky (x,x') defined above are admissible SV kernels.

Proof: Tt is easy to show that the Fourier transform
of the autocorrelation function of ¥i(.),k = 1,2,
is equal to the power spectrum |F(¢;)> > 0 [13].

Therefore, COR(«/}k(“%z;)) are admissible SV ker-
nels. We also know that the sum and product of two
admissible kernels are still admissible SV kernels. So
it is clear that the multiwavelet kernels K (x, x') and
K>(x,x') defined above are admissible SV kernels.

3 Applications of Multiwavelet SVM

In this section, we apply the multiwavelet SVM to
two important applications: function regression and
pattern recognition.

3.1 Function Regression

Experiments are carried out by modifying the MAT-
LAB SVM code developed by S. Gunn [14]. For com-
parison, experiments are conducted on two signal
regression problems by using the two multiwavelet
kernels, the scalar wavelet kernel, and the Gaussian
kernel, respectively. The Gaussian kernel is defined
as K (x,x') = e(=8Ix=x1*) where 8 > 0 is a param-
eter chosen by the user. Two signals are used in our
experiments:



—2.186 — 12.864, -10< 2 < -2
fi(z) = { 4.2462, -2<2<0
{ 10e—0-052—0.5 5,5 ((0.032 + 0.7)2), 0<a<10.
and
(0, -10<z<-T75
1/3, —75<z<—50
2/3, —50<z<—25
fo(z) = ¢ 1, -25<x<25
2/3, 25<z<50
1/3, 50<z<75
L 0, 7.5 < z < 10.

The two signals are shown in Fig. 2. We have a
uniformly sampled examples of 200 points, 25 of
which are taken as training examples and others
testing examples. Table 1 lists the parameters used
and the regression mean square errors (MSE) for the
two multiwavelet kernels, the scalar wavelet kernel,
and the Gaussian kernel, respectively. We adopt the
parameter a = 1 for the scalar wavelet kernel and
B = 1 for the Gaussian kernel. The constant C' and
€ are chosen as oo and 0.05 for all the experiments.
All these parameters are chosen the same way as [5].
We select a = 4 for our two multiwavelet kernels. Tt
is found that both of the two multiwavelet kernels
are better than the scalar wavelet kernel and the
Gaussian kernel for signal regression. Especially,
our multiwavelet kernel K> is better than our mul-
tiwavelet kernel K in our experiments.
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Figure 2: The 1D functions to be approximated.

We also test our multiwavelet kernels for a two di-
mensional function defined as

f(@,y) = (@ = y)sin(3)

over the domain [-10,10] x [-10,10]. We take 36
points as the training examples, and 1681 points

as the testing examples. Fig. 3 show the original
function to be approximated. Table 2 lists the ap-
proximation errors for different kernels. It is clear
that the multiwavelet kernel 2 performs the best in
term of approximation error.
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Figure 3: The 2D function to be approximated.

3.2 Pattern Recognition

In this section, we first give an invariant feature
extraction descriptor, and then apply it to pattern
recognition by using multiwavelet SVM.

3.2.1 Feature Extraction with Dual-Tree Com-
plex Wavelets

It is well known that the ordinary discrete wavelet
transform is not shift invariant because of the dec-
imation operation during the transform. A small
shift in the input signal can cause very different
output wavelet coefficients. This is the main limi-
tation of wavelet in pattern recognition. One way
of overcomimg this is to do the wavelet transform
without decimation. The drawback of this approach
is that it is computationally inefficient, especially in
multiple dimensions.

Kingsbury ([15], [16]) introduced a new kind of
wavelet transform, called the dual-tree complex
wavelet transform, that exhibits approximate shift
invariant property and improved angular resolution.
The success of the transform is because of the use of
filters in two trees, a and b. He proposed a simple
delay of one sample between the level 1 filters in
each tree, and then the use of alternate odd-length
and even-length linear-phase filters. As he pointed
out that there are some difficulties in the odd/even
filter approach. Therefore, he proposed a new




Q@ — shift dual-tree [17] where all the filters beyond
level 1 are even length. The filters in the two trees
are just the time-reverse of each other, as are the
analysis and reconstruction filters. The new filters
are shorter than before, and the new transform
still satisfies the shift invariant property and good
directional selectivity in multiple dimensions. As
shown later, this dual-tree complex wavelet can be
sucessfully used in invariant feature extraction for
pattern recognition.

We propose a novel descriptor that employs the dual-
tree complex wavelet transform and multiwavelet
SVM. In order to eliminate the translation variance,
we move the centroid of the pattern to the center of
the pattern image. Also, we normalize the pattern
so that it fits into a 32 x 32 image. Since the
dual-tree complex wavelet has the properties of shift
invariance and good directional selectivity in 2D, we
perform the 2D dual-tree complex wavelet on the
normalized pattern and use the features at different
resolution scales as a feature vector in order to train
and test the SVM. There should exist two sets of
data: training dataset and testing dataset. Since
the dual tree complex wavelet coefficients have real
and imaginary parts, we take magnitude of the
complex number and use this magnitude value as
our features.

The steps of the descriptor for each pattern can be
summarized as follows:

1. Move the pattern centroid to the center of the
pattern image.

2. Scale the pattern so that it fits exactly into a
32 x 32 matrix.

3. Perform the 2D dual-tree complex wavelet
transform on the normalized pattern.

4. Train the multiwavelet SVM with the extracted
feature vectors from the training dataset.

5. Test the multiwavelet SVM in order to get the
recognition rates.

The good property of the multiwavelet, and the ap-
proximate shift invariant property of the dual-tree
complex wavelet and its good directional selectivity
in 2D guarantee that the new method will be better
than existing methods in pattern recognition.

3.2.2 Experiments

Experiments are done on 800 training samples and
400 testing samples. Half of the training and testing

samples is handwritten numeral 4 and the other half
is numeral 9. Due to the large variation in the
writing of these two numerals, sometimes it is quite
difficult to distinguish 4 and 9. They are treated
as similiar patterns in this paper. These pattern
images are already segmented and isolated. Within
each pattern image there exists only one pattern on
an uniform background. Each original pattern is rep-
resented by 32 x 32 pixels. The pattern is first nor-
malized so that it is translation- and scale-invariant,
and then the dual-tree complex wavelet is applied
on the normalized pattern. The wavelet coeflicients
of an image have multi-resolution representation of
the original image. The coarse resolution wavelet
coefficients normally represent the global shape of
the image, while the fine resolution coefficients rep-
resent the details of the image. Our SVM code
is obtained by modifying S. Gunn’s Matlab code
[14]. The wavelet kernel is defined as K(x,x') =
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[1; ¥(*<=), where a is a parameter chosen by the

user and ¢(u) = cos(1.75u)e~*"/2. We adopt the
parameter a = 4 for the scalar wavelet kernel and
a = 12 for the multiwavelet kernel. These parameter
values are chosen by the widely used cross-validation
technique ([18], [19]). The constant C is chosen
as 100 for all the experiments. We use the dual-
tree complex wavelet features at different resolution
scales in our experiments. Table 3 lists the recogni-
tion rates for the multiwavelet kernel and the scalar
wavelet kernel by using the scalar wavelet features
and the dual-tree complex wavelet features. The
highest recognition rate for the proposed method is
98.50% by using the dual-tree wavelet feature Djs.
The highest recognition rate for the method that
uses the scalar wavelet kernel and wavelet features
is 94.25% by using feature D;. It can be seen that
the proposed method outperforms the method that
uses the scalar wavelet kernel and wavelet features
for about 4.25% in recognition rate.

4 Conclusions and Future Work

In this paper, the multiwavelet SVM has been pro-
posed and applied to function regression and pat-
tern recognition. The kernels used are produced by
the autocorrelation of two multiwavelet functions.
Experimental results show that these kernels give
better results for function regression and pattern
recognition. Future work will be done by applying
multiwavelet SVM to other related tasks.
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Kernel

Parameter

Approzimation error (f1)

Approzimation error (fa)

Multiwavelet kernel 1

Multiwavelet kernel 2

Scalar wavelet kernel
Gaussian kernel

0.0918
0.0820
0.1100
0.1942

0.0492
0.0487
0.0506
0.0730

Table 1:

Regression error for signal regression by using different kernels.

Kernel Parameter Approximation error
Multiwavelet kernel 1 | a = 6,C = 00,e = 0.05 3.4201
Multiwavelet kernel 2 | a = 6,C = o0,e = 0.05 2.9449
Scalar wavelet kernel | a = 3,C = 0o,e = 0.05 3.8028

Gaussian kernel B=1,C =00, =0.05 8.1546

Table 2: Regression error for 2D function regression by using different kernels.

Kernel Feature Parameter Scale
Function Value D D, Ds Dy
Multiwavelet | Dual-tree complex wavelet | C' = 100,a =12 | 93.50 98.25 98.50 85.75
Scalar wavelet Scalar wavelet C =100,a=4 | 94.25 90.50 81.75 50.50

Table 3: The recognition rates (%) of the proposed method and the method by using the scalar wavelet

kernel and scalar wavelet features.




