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Abstract
Optical flow is the vector inverse problem of estimation motion though an image sequence. Geometric
Algebra is an appropriate mathematical language for describing and solving vector problems. In this
paper we apply Geometric Algebra to optical flow and pose a direct solution using a simple smoothness
constraint. Implementational considerations are given and comparative assessment is made to two seminal
optical flow methods, namely the Horn-Schunck and Lucas-Kanade algorithms. The new method is
demonstrated to be fast and to give results comparable to these seminal methods.
Keywords: Geometric Algebra, Optical Flow

1 Introduction

Optical flow is the inverse problem of estimating
motion in an image sequence without tracking ob-
ject. An image sequence of time varying brightness
can be described by

I(x(t), t) = f(t)

where x(t) describes motion through I. Taking the
derivative with respect to t gives

∇I · u + It = ft(t)

where (using the partial derivative notation yx =
∂y
∂x ) u = xt is the two-vector of motion flow or
optical flow through I. Typically (but not always)
f(t) is assumed constant with time from which we
get the “classical” optical flow constraint equation

∇I · u = −It (1)

Finding u involves finding an appropriate inversion
to equation 1 which involves two unknowns in one
equation, leading to the aperture problem, having
two parts:

1. The optical flow constraint equation only al-
lows a direct solution along the direction of
image gradient

2. An indirect solution can be found by applying
an ‘aperture function’ (small window) and
finding an local least squares solution, but
with a tradeoff between localisation and
accuracy.

The least squares solution is known as the Lucas-
Kanade optical flow algorithm [1], where the con-
straint is posed as a matrix problem with u the two

element flow vector, It the N × 1 time difference
vector and ∇I the N × 2 matrix of image gradient
values of N image points within the aperture region

∇Iu = −It

which by applying the psudeo inverse gives

u = −((∇I)T∇I)−1(∇I)TIt

Often a weighting function is applied to ∇I and It
so that data closer to the point of interest are given
greater weighting. In the Lucas-Kanade algorithm
the aperture problem is accepted and the size of
the aperture is selected to give the best tradeoff
between localisation and accuracy given the par-
ticular image sequence under examination.

The Horn-Schunck algorithm [2] applies the Lapla-
cian operator as a smoothness constraint and com-
bines this with the optical flow constraint equation
by using a Lagrange multiplier to be solved by
calculus of variations, viz,

E =
∫∫

(∇I · u− It + λ∇2(ux + uy))dxdy

where ux and uy are the components of u. The La-
grange multiplier λ controls the degree of smooth-
ness enforced by the energy functional E which is
minimised. λ has much the same influence as the
window function in the Lucas-Kanade algorithm,
essentially increasing the size of the aperture of
influence on u, apparent in the over-smoothing of
sharp motion boundaries. The Horn-Schunck algo-
rithm proceeds by iteratively minimising E which
is typically slow.

A third general class of optical flow algorithms use
correlative searching to find the shift of a point in
one image to the next. The Camus algorithm [3]



is one such method, which explores search pat-
terns from one pixel into neighbouring pixels in
subsequent frames to minimise a pixel intensity
correlation constraint.

This paper presents a new direct approach to the
problem of optical flow using the geometric alge-
bra. In section 2 the aspects of geometric alge-
bra used are outlined, the optical flow constraint
equation is reposed in terms of geometric alge-
bra and a direct solution is proposed. Section 3
discusses implementational issues of the proposed
algorithm and outlines steps taken to compare the
new method with the above which are of a similar
fundamental approach. Section 4 gives results and
some observations are made.

2 Geometric Formulation

2.1 Geometric Algebra

The geometric product of Geometric (or Clifford)
Algebra (GA) [4] of vectors is formed by adding
the inner product of two vectors a and b (in GA
it is conventional to not use bold face for vectors)
with the outer product, that is.

ab = a · b + a ∧ b

where the inner product is

a · b =
∑

i

aibi

the outer product (or bivector) term is

a ∧ b =
∑

i,j,i6=j

eiej(aibj − biaj)

where ei defines an orthonormal (in this case) basis
common to a and b. The term eiej is called the
pseudoscalar and generates the bivector equation
because

eiej = −ejei, i 6= j

Incidentally the bivector is directly related to the
cross product in 3D, but provides an extension into
other dimensions. The geometric product has the
vector inverse

b =
a

a2
(ab) =

a

a · a
ab

which holds because the geometric product is as-
sociative and a2 = a ·a. Lastly note that the result
of a geometric product is called a multivector and
can consist of any combination of a scalar, vector
and bivector terms and define points in multivector
space. For vectors of two dimensions this multi-
vector space has a scalar product term, two vector
terms and one bivector term.

2.2 Geometric Optical Flow Constraint

We begin by considering equation 1 as being half
the picture of the true geometric optical flow
constraint and remembering that if we have a
inner product then there will be an associated
outer product ∇I ∧ u = b(x) where x = (x, y)
is the spatial position vector (here non-mathtype
symbols refer to scalar terms). Adding the inner
and outer terms gives the multivector geometric
optical flow constraint equation

∇I u = ∇I · u +∇I ∧ u = −It + bx̂ŷ

which when inverted gives the two components of
u as

u1 =
1

|∇I|2
(−IxIt − Iyb)

u2 =
1

|∇I|2
(−Ixb + IyIt)

(2)

thus by mathematically bringing out the intrinsic
geometric nature of optical flow (a two dimensional
vector problem) the number of independent un-
known variables is reduced from two to one. Any
selection of b will solve equation 1 and varying
b effectively varies the angle between u and ∇I,
providing a solution to the first aspect of the aper-
ture problem. To solve the second aspect of the
aperture problem we seek the image b(x) which
provides a smooth solution for u without using
the regression or convex descent type approaches
commonly utilised in computing optical flow.

2.3 Direct Solution

A simple direct solution for estimating b can be
found by enforcing smoothness directly on u (equa-
tion 2). To this end we pose the diffusion problem

Uj = σ2∇2U (3)

where U(x, y, t, j) = u1 +u2 and j is an introduced
‘diffusion time’, a separate entity to the video se-
quence time. To solve this directly the Fourier
transform is applied which gives

Ûj = −σ2|k|2Û (4)

where k is the spatial frequency vector in Fourier
space. The solution is

U =
1

σ2j
U0 ∗ e

− |x|2

4σ2j (5)

Where ∗ denotes spatial convolution. To find a
minimising initial solution we choose Ûj(j = 0) = 0
which with equation 4 gives

−σ2|k|2Û0 = 0 ⇒ U0 = 0 (6)



where ki 6= 0 and assuming Û(k = 0) = 0. Substi-
tuting equation 2 into 6 yields

b =
Ix + Iy

Ix − Iy
It (7)

which gives the initial (unsmoothed) solution

u10 =
1

|∇I|2
(−IxIt − Iy

Iy + Ix

Ix − Iy
It)

u20 =
1

|∇I|2
(Ix

Iy + Ix

Ix − Iy
It − IyIt)

(8)

Clearly in equation 8 there will be singularities
where |∇I|2 = 0 and Ix−Iy = 0. To deal with these
singularities the following piecewise robustness op-
erator is acted individually upon b and 1/|∇I|2

ρ(x, α) =


−α x < −α

x −α ≤ x ≤ α

α x > α

(9)

thus singularities are simply truncated to the limit
set by our choice of α.

Smoothing is performed by utilising the convolu-
tion with a Gaussian operation given in equation 5
with j = 1. Temporal smoothness in a computed
optical flow sequence is easily achieved by incor-
porating the temporal dimension into equation 5
as

U(x, t) =
1

σ2σt
U0 ∗ e

− |x|2

4σ2 − t2

4σ2
t (10)

3 Experimentation

Applying the above method is simply a matter of
implementing equations 8, 9 and 10 and choosing
the free parameters σ, σt, αb and α∇I . The im-
pact of each free parameter is discussed here. σ
controls the degree of spatial coherence and thus
helps to ‘fill in’ areas of small flow due to image
homogeneity much like the iterative diffusion of
the Horn-Schunck algorithm. However selecting
a large value for σ will clearly blur sharp flow
boundaries, thus the aperture problem is not com-
pletely solved. Likewise σt controls the degree of
temporal coherence, motion is increasingly blurred
with increasing σt. To select αb consider b = ∇I ∧
u. In our implementation we set the range of I
to [0, 1] so ∇I has the range [−1, 1] and we as-
sume u likewise. Therefore the range of b is [−2, 2]
from which we set αb = 2. In equation 8 the
inverse gradient magnitude term serves to increase
flow in areas of image homogeneity but such areas
typically produce unreliable flow values, thus in
selecting α∇I there is a tradeoff between boosting
flow in homogenous regions and increasing flow
uncertainty.

The method optical of flow presented here is direct
and thus clearly faster than other non-direct meth-
ods, however it is instructive to test the accuracy
of our method compared to others. The Horn-
Schunck and Lucas-Kanade algorithms are based
on solving the same fundamental approximation
to image motion that we has used, thus we com-
pare our algorithm to them. We do not consider
the correlative search (area matching) algorithms
such as in [3] as they utilise a fundamentally differ-
ent approach to posing the problem. Comparative
assessment of such methods can be found in [5].
The Horn-Schunck algorithm is applied with La-
grangian multiplier λ = 50 for 100 iterations. The
Lucas-Kanade algorithm is applied using singular
value decomposition psudeo inverse linear regres-
sion over a box profile window of size 5× 5 pixels.
For our algorithm we choose σ = 3, σt = 2, αt = 2
and α∇I = 100. Filter dimensions were 3 times
that of the corresponding σ values.

To test the accuracy of each method we use the
techniques presented in [5] and the test sequences
offered for use by the same1. Angle error is com-
puted as

EA = cos−1(ĉ · ê) (11)

where c is the correct motion vector, e is the opti-
cal flow estimate and the hats here denote vector
normalisation. For angle error a small number δ
is added as to each vector as a third vector com-
ponent to ensure that the error in angle for small
valued flows is diminished as these flows are typ-
ically unreliable. For our experiments we choose
δ = 0.1. Magnitude error is computed as

EM =


‖c−e‖
‖c‖ , ‖c‖ ≥ T
‖e−T‖

T , ‖c‖ < T and ‖e‖ ≥ T

0, ‖c‖ < T and ‖e‖ < T

(12)

where T is used to diminish error where flow mag-
nitude is small, that is like in [5] we don’t expect
flow to be accurate were magnitude is small. Here
we choose T = 1. The test sequences include three
real life scenes and three synthetic scenes. The
real life scenes are the MoreBlocks sequence, the
Sinusoid grid sequence and the ZoomBox sequence.
The synthetic sequences are the Office sequence the
Street sequence and the Sphere sequence.

4 Results and Observations

Figure 1 shows two frames from the Street sequence
along with the horizontal flow computed by our
method. The motion of most objects in the scene
is to the left which is clearly indicated by the dark

1http://www.cs.otago.ac.nz/research/vision/Research/
OpticalFlow/opticalflow.html, date accessed 15/03/2005.



Figure 1: (top) Two consecutive frames from the
Street sequence, (below left) Horizontal motion as
computed by optical flow and (below right) the
true horizontal motion.

regions. The motion of the car to the right is
indicated by bright areas. Inspection of the car
region and person region in the flow image shows
the difficulty the new method has with estimating
flow in areas of low image gradient, a common
difficulty in optical flow that is typically solved by
multi-resolution analysis.

Figure 2 shows a frame from the SR1 tree sequence
(not one of the test-bed sequences) and the corre-
sponding estimated horizontal motion. This se-
quence was generated by a camera panning past
some trees. The motion of the foreground tree is
apparent in the flow image, as well as the motion
of the foreground grass and the mid-ground tree
in the left of the scene. There is a log behind the
foreground tree which is not so obvious in the flow
image.

Figure 3 shows the cumulative error plots for the
geometric method, the Horn-Schunck algorithm
and the Lucas-Kanade algorithm. The error
curves for the new method is very similar to the
Horn-Schunck method while the Lucas-Kanade
method out performs both at low error margins
but is inferior at higher error margins, likely
because of the ‘local averaging’ by regression
used by the Lucas-Kanade method accounting
for image noise, flow boundaries and ‘filling in’
regions of low image gradient by virtue of least-
mean-square averaging, but with the trade off of
error where ‘textural’ flow variation is smaller
than the regression window. The similarity to the
Horn-Schunck method is of no surprise as both
methods attempt to solve very similar algebraic
constraints under the same smoothness criterion.

Figure 2: (left) A frame from the SR1 Tree
sequence, the camera is panning to the left and
(right) the corresponding flow estimate.

The average cumulative angle error plot for the
new method shows that almost all flow is within
90 degrees of the true flow direction, verifying
that the new method is not estimating flow to
be in completely the wrong direction(!) and
thus has some merit. It is not very accurate as
evidenced by the sharp decline in accuracy at
lower angle error margins. The average cumulative
magnitude error plot shows that 80% of flow is
within flow magnitude of 1 from the true flow,
meaning that 20% of all flow magnitude error in
estimation is greater than 1. Furthermore the
drop in flow magnitude error less than 1 is very
sharp indicating low precision in flow magnitude
estimation.

The major source of error with this new method
is that flow boundaries are not addressed by the
smoothness constraint. A nonlinear smoothness



0 18 36 54 72 90 108 126 144 162 180
0

10

20

30

40

50

60

70

80

90

100

Angular Deviation from True Flow

C
um

ul
at

iv
e 

P
er

ce
nt

ag
e 

of
 F

lo
w

s 
w

ith
in

 D
ev

ia
tio

n

Average Cumulative Angle Error

Horn Schunck
Lucas Kanade
Our Method

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2 2.2 2.4 2.6 2.8 3
0

10

20

30

40

50

60

70

80

90

100

Magnitude Deviation from True Flow

C
um

ul
at

iv
e 

P
er

ce
nt

ag
e 

of
 F

lo
w

s 
w

ith
in

 D
ev

ia
tio

n

Average Cumulative Magnitude Error

Horn Schunck
Lucas Kanade
Our Method

Figure 3: (top) Cumulative plot of the average angle error and (below) Cumulative plot of the average
angle error

constraint such as that posed in [6] may improve
results but such methods are difficult to solve di-
rectly, potentially nullifying the main strength of
the method presented here. Alternatively a linear
anisotropic smoothness constraint where strength
of smoothing in a given direction at a given point
is dependent on spatial-temporal gradient infor-
mation may improve the result, again as long as
the posed smoothness constraint allows for a direct
mathematical solution.

This optical flow method presented here imple-
mented in MatLab using an AMD 2.4 GHz desktop
computer with 512Mbytes of RAM takes approxi-
mately 0.3-0.5 seconds to find the optical flow for
two frames of a video sequence of size 512 × 512

or less pixels. In contrast the 100 iterations of
the Horn-Schunck algorithm takes about 6 seconds
in MatLab with the same computer. The Lucas-
Kanade algorithm is abnormally slow in MatLab
as it is an interpreted language. However it is
reasonable to expect the direct geometric method
to be faster than the Lucas-Kanade method which
involves matrix inversion by singular value decom-
position, which in turn involves requires eigenvec-
tor calculation. Correctly implemented with par-
allel hardware it is reasonable to expect that this
geometric optical flow algorithm would approach
if not reach realtime video speeds, especially if the
convolution step (the slowest in the algorithm) is
sped up by such hardware.
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