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Abstract
We re-examine the problem of recovering the shape of a rigid body from a sequence of images. A
classic solution proposed by Tomasi and Kanade in 1992 employs a factorization of the noisy data into
a product of two rank-three matrices, one encoding camera coordinates and the other encoding scene
coordinates. In a second phase an optimization process is employed to enforce orthogonality constraints
on the camera coordinate system. In this paper we focus on this second phase and observe that the
powerful constrained optimization technique known as semidefinite programming (SDP) can be used to
impose the necessary constraints. We describe our initial experiments in applying this technique and
suggest future directions, including the use of different norms and the potential for subsuming the first
phase of rank-three factorization into the SDP optimization as well.
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1 Introduction

One of the perennial problems of computer vision is
the recovery of three-dimensional coordinates from
two-dimensional images. This problem has been
attacked using a variety of information, including
shading, focus, and structured light. A wide as-
sortment of solutions have been proposed. In this
paper we address a restricted form of this problem
in which the coordinates of a collection of n labeled
fixed points in space are to be recovered from a
stream of 2D projections, or images, each contain-
ing all n points. Tomasi and Kanade introduced
a factorization method for solving this problem in
1992 [1].

Meanwhile, in the field of mathematical
programming, a powerful new tool appeared in the
1990’s called Semidefinite Programming (SDP) [2].
Semidefinite programming is a generalization of
linear and quadratic programming that solves
convex optimization problems. While SDP has
been applied to a wide variety of problems,
including several related to pattern recognition,
it is still largely unknown in the computer vision
community. In this paper, we explore the use of
SDP to help solve Tomasi-Kanade reconstruction
problems.

It is often a challenge to express an optimization
problem in the language of SDP. The constraints
must be put in terms of the non-negativity of the
eigenvalues of a matrix; that is, the matrix is con-
strained to be positive semidefinite. Moreover, the
approach is only applicable to convex problems;

those for which any convex combination of feasible
solutions is also a feasible solution. Often it is
necessary to recast a non-convex problem into one
that is “near” the original in some sense in order
employ SDP. For instance, we might change the
norm, or select a different but similar objective
function that is convex. In our current approach,
we have chosen a norm that is readily expressed
in the context of SDP, yet different from norms
previously reported.

Our approach does not yet exhibit any consistent
advantage over existing techniques. While our re-
sults are very similar to those produced by previous
techniques in most cases, it is less reliable for very
ill-posed problem instances; that is, instances with
extreme amounts of noise, or an extremely limited
range of views. There are potential advantages,
however: SDP is very rich as it is 1) capable of
encompassing many types of constraints simulta-
neously within a single optimization process, and
2) capable of optimizing with respect to several
different norms, two of which we explore in this
paper. These properties allow for subtle tradeoffs
to be made between various types of approximation
error, and for error to be bounded in whichever way
is deemed appropriate for a given application.

In the following sections we review the problem
of recovering scene coordinates from a sequence
of images, we then introduce the idea of semidefi-
nite programming and recast part of the problem
as a semidefinite program, and then describe our



experiments. We also suggest promising future
directions.

2 Previous Work

In a classic paper, Tomasi and Kanade described
a factorization method for extracting rigid shape
from a set of orthographic projections of 3D
points [1].

Without loss of generality, we consider a
constrained problem in which the orthographic
projections are always centered on a fixed point
in space. Generalization to arbitrary weak
perspective cameras is well understood and does
not radically change the underlying math [3].

Projection data from the n points over k frames
can be organized as a single 2k×n matrix, which we
denote by P2k×n. Each column of P contains the
acquired 2D image coordinates for a single point
tracked over all k frames, and each row contains
one image coordinate, either x or y, for all 3D
points in a given frame. The rows of P may be
grouped into two k × n blocks corresponding to x
and y coordinates, or into k smaller 2 × n blocks,
each containing both the x and y coordinates of all
points in a single frame. We adopt the former nota-
tion in this paper, although both partitionings have
appeared in the literature. Tomasi and Kanade’s
key contribution was to exploit the intrinsic struc-
ture of P that arises from the process of projecting
fixed scene coordinates onto multiple image planes.
In particular, in the absence of measurement error,
the rank of P will be exactly three, which implies
that it may be expressed as the product

P = R2k×3S3×n, (1)

where S contains the original 3D point set and R
contains the rotation-projection parameters.

Adopting the organization of P noted earlier, both
P and R may be expressed in terms of two smaller
blocks that separate the two orthogonal compo-
nents of the image coordinates. That is,

[
X
Y

]
=

[
U
V

] [
S

]
(2)

where X and Y are both k× n matrices, U and V
are both k × 3 matrices, and S is a 3 × n matrix.
If we now define a sequence of 2× 3 matrices

Πi =
[

ui

vi

]
, (3)

for i = 1, 2, . . . , k, where ui and vi are the ith rows
of U and V , respectively, then we may express a
necessary property of the R matrix as

Πi ΠT
i = I2×2, (4)

for i = 1, 2, . . . , k. That is, the corresponding rows
of U and V are orthonormal. This is an immediate
consequence of the fact that the screen coordinates
of the points in each frame are expressed in terms
of an orthogonal camera coordinate system.

We therefore may attempt to uniquely recover the
original 3D point set, S, up to an orthonormal
transformation, by factoring P into R times S in
such a way that the constraints in Equation (4)
are met. Tomasi and Kanade show that such a
factorization can be obtained through a sequence
of optimization problems. First, a rank-3 thin SVD
is applied to P to generate

P̂ = R̂2k×3 Ŝ3×n ≈ P, (5)

where P̂ is the best approximation to P ,
with respect to the 2-norm, that meets the
rank constraints imposed by the process of
orthogonal projection. In general P 6= P̂ due
to measurement error such as lens distortion
and imprecise calibration, and also due to
simplifying assumptions, such as orthographic
projection. More importantly, the factorization in
equation (5) is not unique, since

P̂ = (R̂Q)(Q−1S), (6)

is also a factorization of the desired form for any
non-singular 3× 3 matrix Q. Thus, the decompo-
sition in Equation (5) will generally fail to satisfy
the constraints of Equation (4), which ensure that
the matrix R̂ can be interpreted as a collection of
camera coordinate systems. Consequently, Ŝ will
not correspond to the desired coordinates.

We must therefore invoke a second minimization
process by which we find a Q that imposes the
necessary structure on R̂. Since the structural con-
straints are expressed in terms of Πi ΠT

i in Equa-
tion (4), the optimum Q is not unique: Any or-
thonormal matrix applied to an optimal Q will
yield another optimal Q. Consequently, the co-
ordinates in S are specified only up to rotations
and/or reflections.

Tomasi and Kanade state that solving for Q
is a simple non-linear optimization that can
be solved “efficiently and reliably,” but do not
suggest a particular solution method [1]. Hajder
later suggested bundling the constraints into an
objective function that can be minimized using
Levenberg-Marquadt [4].

Taking a different approach, Brand [3] suggested
converting the non-linear problem in to a linear
one by solving for the entries of the matrix H =
QQT rather than those of Q in Equation (6). In



particular, Brand’s approach consists in solving for
the matrix H that imposes the orthonormality con-
straints on the Π̂i matrices, via

Π̂i H Π̂T
i = I, (7)

for i = 1, 2, . . . , k, and then setting

Q = AD
1
2 , (8)

where ADAT is the eigen-decomposition of H. Un-
fortunately, if any of the eigenvalues of H are nega-
tive, the Q matrix would necessarily have complex
entries, thereby violating a fundamental physical
constraint on the factorization process. In this
case, Brand suggests employing a tertiary opti-
mization to glean a real-valued Q from H using
a fixpoint iteration [3].

Brand’s method is appealing because it replaces
a complicated optimization with one, or possibly
two, simpler optimizations. Unfortunately the two
optimizations are not coupled. We propose an al-
ternative solution technique to the second opti-
mization phase of the Tomasi-Kanade algorithm
that uses semidefinite programming to ensure that
positive definiteness of H is maintained at the same
time that the entries of H are optimized.

3 Semidefinite Programming

Semidefinite programming (SDP) is a constrained
optimization technique for convex problems that
subsumes both linear programming and quadratic
programming. Practical and efficient solvers are
available. A good overview of the technique is
provided by Vandenberghe and Boyd [2], including
how linear and quadratic programming can be
rephrased in terms of semidefinite programming.
This optimization technique has been applied
in pattern recognition by Keuchel [5] and
Weinberger [6], and to principal component
analysis (PCA) and singular value decomposition
(SVD) by Aspremont. [7].

There are several common forms for SDP prob-
lems. The form we apply can be expressed as

minimize cT x
subject to F (x) º 0,

(9)

where c, x ∈ IRn, and

F (x) = F0 + x1F1 + · · ·+ xnFn, (10)

where each F0, . . . , Fn is a fixed square matrix of
the same size. The relation “º” indicates a bound
on the eigenvalues of a matrix; thus, M º 0 means
that the matrix M is positive semidefinite. It is
precisely the form of this latter constraint that
characterizes semidefinite programming.

Adopting the notation that ûi and v̂i are the ith

rows of Û and V̂ , respectively, which are blocks of
R̂, we wish to create an objective function that has
the effect of minimizing

∣∣∣
∣∣∣ Π̂i H Π̂T

i − I
∣∣∣
∣∣∣ (11)

for i = 1, . . . , k. In order to fit the problem into the
SDP framework, we chose to create an objective
function that has the effect of minimizing the max-
imum absolute difference between these matrices;
that is, we wish to solve

min
H

k
max
i=1




|ûiHûT

i − 1|
|v̂iHv̂T

i − 1|
|ûiHv̂T

i |



 , (12)

subject to the constraints that H be symmetric
and positive semidefinite. Observe that in Equa-
tion (12) the first two terms in brackets impose
the constraint that all rows have unit length, while
the last term imposes the constraint that corre-
sponding rows of Û and V̂ are orthogonal. To
put this objective function into a standard form
for SDP, it is necessary to move the complexity
into the constraints by introducing one or more
auxillary variables [2], also commonly called a slack
variables. We introduce one such variable, t, which
allows us to express the desired optimization prob-
lem as

Minimize t
Subject to

| ûiHûT
i − 1 | < t

| v̂iHv̂T
i − 1 | < t

| ûiHv̂T
i | < t

H = HT

H º 0.

(13)

It is now straightforward to recast this problem
in the language of semidefinite programming. We
shall have seven variables, t, and x1, . . . , x6, where
the latter six encode the distinct elements of the
symmetric matrix H; that is,

H =




x1 x4 x6

x4 x2 x5

x6 x5 x3


 . (14)

Letting

x =
[

t x1 x2 x3 x4 x5 x6

]T
, (15)

we construct a collection of k×k diagonal matrices,
A−, A+, etc., each of which depends on the vector
of unknowns, x, so that

A− º 0 ⇐⇒ ûiHûT
i − 1 + t ≥ 0 ∀i

A+ º 0 ⇐⇒ −ûiHûT
i + 1 + t ≥ 0 ∀i

B− º 0 ⇐⇒ v̂iHv̂T
i − 1 + t ≥ 0 ∀i



B+ º 0 ⇐⇒ −v̂iHv̂T
i + 1 + t ≥ 0 ∀i

C− º 0 ⇐⇒ ûiHv̂T
i + t ≥ 0 ∀i

C+ º 0 ⇐⇒ −ûiHv̂T
i + t ≥ 0 ∀i

All of the above matrices are diagonal, with
the constraints on the right as the entries.
Observe that A+ and A− together establish the
constraint on the first absolute value appearing in
Equation (12); similarly, B+ and B− establish the
second term, and C+ and C− establish the third.
Given the six k×k matrices above, we can express
the optimization problem of Equation (12) in the
form shown in Equation (9) by defining

c =
[

1 0 0 0 0 0 0
]T

, (16)

and

F (x) =




A−

A+

B−

B+

C−

C+

H




(17)

All of these blocks are diagonal except for H. Di-
agonal blocks amount to ordinary positivity con-
straints in the system; that is, if D is diagonal,
then D º 0 is equivalent to D ≥ 0, where the
latter is interpreted in the usual sense of element-
by-element non-negativity. Semidefinite packages
typically allow simplified constraints such as these
to be specified separately, thus improving efficiency
of the solution process in both space and time.

Each of the diagonal elements consists of a linear
expression in the unknowns. For example, if we
let ui = [αi, βi, γi], then the diagonal entries of the
matrix A− are given by

a−ii = α2
i x1 + β2

i x2 + γ2
i x3 + (18)

2αiβix4 + 2βiγix5 + 2αiγix6 −
1 + t.

The expression for a+
ii is obtained by negating all

terms on the right of Equation (18) except for t.
The expressions for b−ii and b+

ii are obtained by
using vi instead of ui. Similar expressions hold
for c−ii and c+

ii .

The final step in formulating the optimization
problem is to construct the sequence of
constant matrices F0, F1, . . . , F7 that are linearly
combined to form the matrix F (x), according
to Equation (10). The matrix F0 consists of all
the constants, the matrix F1 consists of all the
coefficients of the variable x1, and so on for all Fi

and xi.

4 Results

We have implemented the semidefinite program
from the previous section using Matlab1 and the
publicly available SeDuMi toolbox2 [8], and we
have compared it to our own implementation of
Brand’s algorithm [3] using Matlab.

We used a small synthetic test scene for our exper-
iments, consisting of points on the eight corners of
a unit cube. The cube was rotated and projected
according to random constrained rotation matri-
ces [9], and the projected points were perturbed
by random noise.

As mentioned in Section 2, factorization methods
only specify the original 3D point set, S, up to an
orthonormal transformation, making it challenging
to compare reconstructions. One way to address
this is to rotate and reflect all reconstructions to a
common coordinate frame [1]. However this ap-
proach requires an additional minimization step
that may distort the relative error measurements.
Instead, we take advantage of the known point
labeling to define a distance matrix, D, such that
Dij is the Euclidean distance between point i and
point j in the model. As distance matrices are
invariant under rotation and reflection, we may
then measure reconstruction error as

∑

ij

(Dij −D0
ij)

2, (19)

where D0
ij is the distance matrix of the ground

truth model.

We found that for well-conditioned problems the
semidefinite program produces results comparable
to Brand’s method. In any particular trial, either
method could be more accurate than the other.
However, on average, Brand’s method was more
accurate by about 10%, with a lower standard devi-
ation. When the amount of noise was increased to
extremely high levels (on the order of the distance
between model vertices), or the angular coverage
of the rotation matrices was restricted to an ex-
tremely small range (on the order of one degree),
the problem becomes ill-conditioned. Brand’s al-
gorithm performs significantly better in such cases.

This difference in reconstruction error for small to
moderate amounts of noise is illustrated by the
scatter plot Figure 1a. The major difference be-
tween the two methods is in the choice of norm
during the optimization. We minimize the maxi-
mum absolute deviation, which corresponds to the
∞-norm, whereas Brand, by employing linear least
squares, minimizes the 2-norm. In Figure 1b, we

1Version 7.0, http://www.mathworks.com
2Version 1.05, http://sedumi.mcmaster.ca/



observe that SDP performs as expected in that
it always finds a lower maximum absolute devia-
tion from the norm/orthogonality constraints than
Brand’s algorithm. The opposite is true when con-
sidering the 2-norm, as shown in Figure 1c.

5 Discussion

We have observed that SeDuMi tends to find solu-
tions where several terms of the objective function
share the same maximum absolute deviation. In
order to force more terms to be as small as possible,
we also tried rephrasing the semidefinite program
to minimize the sum of absolute deviations across
all terms of the objective function, which is equiva-
lent to the 1-norm. This can be done by introduc-
ing more slack variables, t1, t2, . . . , t3F , constrain-
ing each term individually. Unfortunately, this
does not generally improve the results, as the sys-
tem then then becomes more lax in controlling the
maximum absolute deviation. We conclude that
the 2-norm is more appropriate for this problem,
and are in the process of forumlating this norm in
the context of SDP using Shur complements [2], as
shown in Appendix A.

Semidefinite programming is an extremely general
and powerful tool, and it is thus more complex and
more computationally expensive than the methods
used by Brand [3] and Hajder [4] to enforce the
orthogonality constraints. It may never be the
method of choice for finding the few entries in the
H matrix. However a problem affecting all algo-
rithms that descend from Tomasi and Kanade’s
work is that each of them applies the rank con-
straints first, leaving only six degrees of freedom
(in the H matrix) for orthonormalization. Ideally,
both the rank and orthogonality constraints would
be applied in concert so that appropriate tradeoffs
can be made between the rank-reduction phase and
the orthogonalization phase. Thus, we are cur-
rently exploring the use of semidefinite program-
ming to solve the entire optimization problem, not
just for finding the best H matrix.

6 Conclusion

We have demonstrated that semidefinite program-
ming can be applied to one phase of the problem
of recovering scene and camera coordinates from
a sequence of images. Our formulation attempts
to impose normality, orthogonality, and positive
semidefiniteness constraints on a low-rank factor-
ization obtained via singular value decomposition.
Our results are comparable to those obtained by
Brand in typical situations. While our current
formulation is not practical, we believe that this
approach has promise in that it is an extremely

flexible framework. It can potentially subsume the
entire problem, including the role played by SVD,
into a single optimization process. We expect to
see wider application of SDP to fundamental com-
puter vision problems in the future.
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A Quadratic constraints

The optimization discussed in Section 3 can also
be expressed in terms of quadratic constraints, in-
cluding the 2-norm, by means of the following well-
known relationship involving the blocks of a square
2× 2 block matrix. Specifically,

[
A B
BT D

]
º 0, (20)

if and only if

A º 0 ∧ (D −BTA−1B) º 0, (21)

where the matrix on the right is known as the Schur
complement of D [2]. We can use this fact to solve
the minimization problem

min
H

k
max
i=1





(ûiHûT
i − 1)2

(v̂iHv̂T
i − 1)2

(ûiHv̂T
i )2



 (22)

using SDP; here we shall show how to handle the
top constraint only, as the others are handled sim-
ilarly. First, define the matrix

[
I B

BT tI

]
, (23)

where t > 0 and B is diagonal with its ith diagonal
element being

ûiHûT
i − 1. (24)

Since tI º 0, it follows from Equation (21) that if
the matrix in Equation (23) is positive semidefinite
then the Schur complement is positive semidefinite
as well. That is,

tI −BTB º 0. (25)

Since the matrix above is diagonal, the semidefi-
nite constraint is equivalent to a simple positivity
constraint, which results in

BTB ≤ tI. (26)

This constraint ensures that the square of each
diagonal element is bounded above by t. The other
two expressions in Equation (22) lead to two ad-
ditional block matrices; all three of these matrices
become blocks on the diagonal of a larger matrix
that corresponds to Equation (17). Thus, the re-
sulting matrix has far more off-diagonal elements
than in the case of the 1-norm.

To obtain the 2-norm, we replace the single slack
variable in Equation (23) with k distinct slack vari-
ables along the diagonal, then minimize the sum of
all such variables. This is similar to the approach
outlined in Section 5.
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Figure 1: Comparing Brand’s reconstruction algo-
rithm [3] to the SDP algorithm outlined in Sec-
tion 3. (a) Reconstruction error, according to the
two norm of the difference of the distance matrices.
(b) Deviation from the norm/orthogonality con-
straints according to the ∞-norm. (c) Deviation
from the norm/orthogonality constraints according
to the 2-norm.


